Mathematica 11.3 Integration Test Results

Test results for the 346 problemsin "1.1.2.3 (a+b x*2)"p (c+d
x"2)Ag.m"

Problem 72: Result more than twice size of optimal antiderivative.

V1+x2
J dx
-1+x2
Optimal (type 3, 27 leaves, 4 steps):
ArcSinh[x] - /2 ArcTanh]| 2 x
V1+x?

Result (type 3, 64 leaves):

\/1_ Log[1-x] - Log[1+x] +Log[l-x+2 1/1+x* ] -Log[l+x+2 ~/1+x? ]
2

ArcSinh[x] +

Problem 109: Result unnecessarily involves higher level functions.

J(a—be)Z/S (3a+bx2)3d1x

Optimal (type 4, 648 leaves, 8 steps):
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18144 a3 ~bx2)%3 2354432 —pbx2)*3
@ix(a-bxi) 7T 2358atx (a-bx)TT 378 )50 (3ab) -

1235 6175 475
4
ix(afbxz)sﬁ' <3a+bx2)2, 72576 a* x .
25 1235 ((1_\/?) al/3 _ (a—bx2)1/3)

a2/3 4 al/3 (a—bx2)1/3+ (a—be)Z/3

36288 3V41244/3 a2 (a2~ (a-bx?)V?) T | ;
1-+/3 a1/3—(a—bx2)1/3

1443 ] a2 (a b Ry

EllipticE[ArcSin|
1—\/?) al/3 (a—bxz)l/3

al/3 (31/3_ (a—bx2)1/3)
((1—\/?) al/’3 - (a—bx2)1/3)2
a2/3 , al/3 (a—bx2)1/3+ (a—be)Z/3

241922 34312 (a1 - (a-bx?) ') 1 ) ;
1-/3]al?- (a-bx?)'?

+

1235bx | -

(1+\E) al? - (a-bx?) |, 7vav3] /
_ﬁ) al/3 _ (a—bx2)1/3

EllipticF [ArcSin|

=

al/3 (al/3 _ (a B bx2)1/3)

([1-V3) a7 (a-bx)22)?

1235bx |-

Result (type 5, 99 leaves):
3 [15 255 a% x + 3390 a3 b X3 + 8992 a% b% x° + 2626 a b® x” + 247 b* x° -

b2
,7"]

sz 1/3 . 1
Hypergeometric2F1| -,

]/ 6175 (a—bx2)1/3)]

3
1- — =, =
a 3 2 2 a

40320 a* x

Problem 110: Result unnecessarily involves higher level functions.
J(a—bxz)Z/g’ <3a+bx2)2d1x

Optimal (type 4, 617 leaves, 7 steps):
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7776 2> x (a-bx?)*" o2 (a-bx?)>" -
1729 247

3
2 x(a-bx2)% (3a:bx?) - cLieAax
19

1729 ((1-+3 ) a2 (a-bx?)*?)

3 2/3
15552  31/4 l2+\/? ale/3 (a1/3_ (a—bx2)1/3) a%/3 1 al/3 (a—b)(Z)l/ + (a,ble/
((1—\/?) al’3 (a—bx2)1/3)

(1+\/?) al/3 _ (afbxz)l/3
(1—\/?) al/3 (a—bxz)l/3

EllipticE[ArcSin|

|, -7+4+3] /

al/3 (a1/3 _ (a B bx2)1/3)

((1—\/?) al/3 - (a—bx2)1/3)2

1729bx | -

+

a2/3 , al/3 (a—bx2)1/3+ (a—be)Z/3

((1-V3) a2 (a-bx2)*?)°

103682 3%/4a12 (3% - (a-bx?) ')

(1+\E) al/3 _ (a—bxz)l/3
( _ﬁ) al/3 _ (a—bx2)1/3

EllipticF [ArcSin|

], -7+4+3] /

=

al/3 (al/3 _ (a B bx2)1/3)

([1-V3) a7 (a-bx)22)?

1729bx | -

Result (type 5, 88 leaves):

1
- 3 |-1731a°x+961a’bx3+679ab?x° +
1729 (a-bx?)*?
s R bx2\? _ 1 1 3 bx?
91b®x’ -3456a°x [1- ——| Hypergeometric2F1[~, =, =, —|
a 3 2 2 a

Problem 111: Result unnecessarily involves higher level functions.

J(a—bxz)y3 (3a+bx?) dx

Optimal (type 4, 588 leaves, 6 steps):
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2
Eax(afbx2>2/3,ix<afbxz)5/3i 72 a% x i

13 13 13((17\5) a1/37(a7bx2)1/3)

36 31/4 /2+\/? 47/ (a1/3— (a—bxz)l/B) a2/3 ; a1/3 (afbx2>1/3+ (afbx2)2/3
(13| a2 (a b))

(1+\E) al/3_ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

EllipticE [ArcSin|

|, -7+4+/3] /

al’3 (31’3 _ (a - b x2 1/3
13bx | - ( < ) ) +

([1-V3) a2 (a-bx)t?)?

a2/3  al/3 (a—bx2)1/3+ (a—bxz)Z/3

((17\/?> al/3 - (a—bxz)l/S)2

24~/2 33/437/3 (a1/3— (a—bx2)1/3)

(1+\/?) al? - (a-bx?)"?
(1—\5) al/3 _ (a—bxz)l/3

EllipticF [Ar‘cSin [

], -7+4+3] /

3l/3 (al/3 _ (a _ bxz)1/3)

((1—\5) al/s - (afbx2)1/3)2

13bx |-

Result (type 5, 76 leaves):

1 2 3 2 5 2 XZ
——1/33 -5a“x+4abx’+b x> -8ax

13 (a-bx?

a

Problem 112: Result unnecessarily involves higher level functions.

(a-bx?)*?
Jid]x
3a+bx?

Optimal (type 4, 740leaves, 6 steps):

1/3 1
1- —) Hypergeometric2F1| =,
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1/6 (41/3_91/3 (5 px2)1/3
21/3 31/6 Ar‘cTan[lﬁ' Va | 212 V6 ArcTan| V3 al/e (a¥2-212 (a-bx?)"/?)
3x B x =
+ —

+

(13 a2 (- bxt) V3 /e V3 /e

b x ]

21/3 al/6 ArcTanh | ,
al/6 (a1/3+21/3 (a—bxz)l/3)

21/3 3%/ ArcTanh | Lbrx}

a
+

+

3vb Vb

S /72+\5 4173 (31/3, (abe2>1/3) aZ/3 + a1/3 (afbx2>1/3+ (afbx2>22/3
((1—\/?) al/3 - (a—bx2)1/3)

(1+\/?) al/3 - (a—bxz)l/3
(17\5) al/3 _ (a—bxz)l/3

EllipticE [Ar‘cSin [

|, -7+4+3] /

al/3 (31/3 _ (a _ bxz>1/3)

([1-V3) a2 (a-bxe)r?)?

2bx | -

a2/3 4 gl/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) a2 (a-bx)?)?

2 33/4 5173 (31/3_ (a_bX2)1/3)

1+\E) al/3 _ (a—bxz)l/3

(1—\/?) al/3 - (a—bxz)l/g’}) a3 ] /

EllipticF [ArcSin|

al/3 (a1/3 B (a B bx2)1/3)

([1-V3) a7 (a-bx)t?)?

bx |-

Result (type 6, 162 leaves):

1 2 3 x2 b x2
9ax(a—bx2)2/3AppellF1[—,——, 1, =, —,——]/
2 3 2 a 3a
5 1 2 3 X2 b x2
(3a+bx) 9aAppe11F1[f,—fJ 1, =, 7,77}7

2 3 2 a 3a

) 3 2 5 bx? b x2 3 1 5 bx? b x2

2bx AppellFl[—,——, 2, =, —, - ]+2App611F1[—, =1, = — ——]
2 3 2 a 3a 2 3 2 a 3a

Problem 113: Result unnecessarily involves higher level functions.

b 2\2/3
J7<a X ) dx

(Z-3a+bx2>2

Optimal (type 4, 584 leaves, 6 steps):
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x (a-bx?)??

6a(3a+bx?) ga ((1_ﬁ> al/3_ (a_bxz)1/3)

X

a2/3 4 gl/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) a2~ (a-bx)t?)?

2+4/3 (a1/3— (a—bxz)l/B)

1+\E) al/3 _ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

|, -7+4+/3] /

EllipticE [ArcSin|

a1/3 (a1/37 <a7bxz)1/3)
4 .334323px |- +

([1-V3) a7 - (a-bx)t?)?

—_——

a2/3 , al/3 (a—bx2)1/3+ (a—bxz)Z/3

((17\/?) al/3 - (a—bx2)1/3)2

(a1/37 (afbx2)1/3)

=

+\/?) al/3 - (a—bxz)l/3
(17\5) al/3 _ (afbxz)l/e‘

EllipticF [Ar‘cSin [

], -7+4+3] /

al/3 (31/3 _ (a _ bx2>1/3)

((17\/?) al/3 - (afbxz)l/S)2

3+/2 3% a*3bx

Result (type 5, 86 leaves):

2]

px2\1/3 . 1 1 3
X (a—bx2)2/3 X (%) Hyper‘geometr‘1c2F1{;, T

6a(3a+bx2)+ 18a (a-bx?)"?

Problem 114: Result unnecessarily involves higher level functions.

_bx2)?3
[l

(I-3a+bx2>3

Optimal (type 4, 818 leaves, 8 steps):



Mathematica 11.3 Integration Test Results for 1.1.2.3 (a+b x~2)"p (c+d x~2)"q.nb | 7

ArcTan| M}

x (a-bx?)?? . x (a-bx?)?? X Vb x

- + +
12a<3a+bx2)2 36a2(3a+bx2> 36a2((1—\/?)a1/3—(a—bx2>1/3) 72 22/3+/3 al/6+/p

V3 al/6 (al/3-21/3 (a-b x? 1/3 b x
arctan[ 122 [a = (a-b>x2) ) ] ArcTanh[%] Ar'cTanh[al/,G (T s ] ]
— + -
72 . 22/3 \E a11/6 \/F 216  22/3 311/6 W 72 . 22/3 311/6 \/F

a2/3 4 gl/3 (afbx2)1/3+ (afbx2)2/3

([1-v3) a2 (a-bxe) 2]

2+4/3 (31/37 (afbx2>1/3)

1+\/?) al/3 - (a—bxz)l/3
(1—\/?) al/s (a—bxz)l/3

EllipticE[ArcSin|

|, -7+4+3] /

al/3 (31/3_ (a—bx2)1/3>
24 334353 px |- +

((1—\/?> al/? - (a—bxz)l/B)2

a2/3 4 g1/3 (a—bx2)1/3+ (afbxz)Z/3

((1-V3) a2 (a—bx2)1/3)2

(a1/3 - (a —bxz)l/S)

(1+\E) al/3 _ (a—bxz)l/3
( —\/?) al/3 - (a—bxz)l/3

EllipticF [ArcSin|

|, -7+4+/3] /

=

a1/3 (a1/3 _ (a B bx2)1/3)

([1-V3) a2 - (a-bx)t?)?

18+/2 3V4a%3pbx

Result (type 6, 350 leaves):
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3(a-bx?) (6a+bx?) 1 1 3 bx? b x2
)

X + (54 (3a+bx*) AppellF1| 1, = — - —]
a? 2 3 2 a 3a
1 1 3 bx? b x2
9aAppellF1[—, 1, = —, ——} +
2 3 2 a 3a
5 3 1 5 bx? b x? 4 5 bx? b x?
2bx? |-AppellFl[ =, =, 2, =, ——, - —— | +AppellF1[ =, —, 1, =, ——, - —|
2 3 2 a 3a 3 2 a 3a
, 5 3 1 5 bx? b x2
5bx* (3a+bx?) AppellF1[=, =, 1, =, —, - —| /
2 3 2 a 3a
3 1 5 bx? b x?
a|15aAppellFl|[ =, =, 1, =, —, - —] +
2 3 2 a 3a
5 5 1 7 x2 b x2
2bx —AppellFl[f, =2, =, —, ,7} "
2 3 2 a 3a
5 4 7 bx? b x?
AppellFl| =, —, 1, —, —, - —| )] /(108 (a—bx2)1/3 (3a+bx2)z)
2 3 2 a 3a

Problem 115: Result unnecessarily involves higher level functions.

b 2\2/3
j<a X ) dx

(3a+bx2>4

Optimal (type 4, 849leaves, 9steps):
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X (a—bxz)Z/3

X (a—bxz)Z/3

X (a—bxz)Z/3

18 a (E’>a+bx2)3 54 32 (3a+bx2>2 144 a° (3a+bx?)

7 ArcTan| 3%5}
X

X

+ +
1442 ((1-/3] a2~ (a-b>x2)*?] 1296 222+/3 a6 /b

\/3 al/e 1/3_91/3 (g px2)1/3 b x
7 ArcTan [~ s o lz-02)") | 7ArcTanh| %] 7 ArcTanh | /% (213528 (o b t] ) ]
- + _
1296 - 22/3+/3 al7/6 /b 3888  22/2al7/6+/b 1296 - 22/3al7/6+/b

a2/3 ; gl/3 (a—bx2)1/3+ (a—bxz)Z/3

((1—\5) al/3 - (afbx2)1/3)2

2+4/3 (a1/3— (a—bx2)1/3>

=

+\/?) al/3 - (a—bxz)l/3
(1—\5) al/3 _ (a—bxz)l/3

EllipticE [Ar‘cSin [

|, -7+4+3] /

al/3 (a1/3— (a—bx2)1/3)
96 3¥%a%3px |- +

((17\/?) al/3 - (afbxz)lﬁ)2

a2/3 4 al/3 (a—bx2)1/3+ (a—be)Z/3

( 1—\/?) al/3 - (a—bx2)1/3)2

1+\/?) al/3 _ (afbxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

(a1/3 - (a—bx2)1/3)

EllipticF[ArcSin|

|, -7+4+3] /

al/3 (a1/3 _ (a _ bxz)1/3)

((1—\/?) al/3 - (a—bx2)1/3)2

72+/2 3V4a¥3px

Result (type 6, 364 leaves):
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1 1 3 bx? b x?
X |(a-bx*) (75a*+26abx*+3b>x*) + [69a° (3a+bx2)2AppellF1[f, 1, o,y |
2 3 2 a 3a
11 3 bx? b x2
9aAppellF1[—, -1, -, > ——} +
2 3 2 a 3a
5 3 1 5 bx? b x2 3 4 5 bx? b x2
2bx? |-AppellFl[ =, =, 2, =, ——, - ——| +AppellF1[ =, —, 1, =, , - e
2 3 2 a 3a 2 3 2 a 3a
302 3 1 5 bx? bx?
S5ab (3ax+bx®)®AppellF1[=, —, 1, —, ,—7]/
2 2 a 3a
3 1 5 bx? b x? 5 5 1 7 bx? b x?
15aAppellFl| =, ~, 1, =, —, - ——| +2bx? [-AppellF1| =, =, 2, =, —, - — | +
2 3 2 a 3a 2 3 2 a 3a
5 4 7 bx? b x?
AppellF1[=, —, 1, —, —, - —] m/ (43207 (a-bx?)*” (32+bx?)’]
2 3 2 a 3a

Problem 116: Result unnecessarily involves higher level functions.

J(afbxz)SB (3a+bx2)%dx

Optimal (type 4, 668 leaves, 9 steps):
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2809728 a%x (a-bx?)*? 14e48642a°x (a-bx?)*?
. -

267995 191425

33264 a2 x (a —bxz)g/3 432

- —ax (a—bx2>8/3 (3a+bx2) -
14725 775

5
ix(a—bxz)sﬂ (3a+bx2)27 11238912 a° x
- 267995 ((1,ﬁ) al/3 _ <a7bxz)1/3)

a2/3 4 g1/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) a2 (a-bx)t?)?

5619456  3V/4/2++/3 alé3 (al/B_(a_bX2>1/3)

(1+\E) al/3_ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

EllipticE [ArcSin|

|, -7+4+/3] /

31/3 (a1/3 B (a _ bxz)l/S)

([1-V3) a2 (a-bxe)?)?

267995bx | -

+

a2/3 4 al/3 (a—bx2)1/3+ (a—be)Z/3

((1—\5) al/3 - (a—bx2>1/3>2

37463042 33431 (312 - (a-bx?) ')

=

+\/?) al/3 - (a—bxz)l/3
7\5) al/3 _ (afbxz)l/3

EllipticF [Ar‘cSin [ (

], -7+4+3] /

=

31/3 (a1/3 _ (a _ bx2)1/3)

((1—\5) al/3 - (afbxz)l/i‘)2

267995bx | -

Result (type 5, 110leaves):

[3

5815935 a° x - 5312355 a*b x> -1675114 a3 b2 x°> + 749658 a? b3 x” + 378651 a b* x°® + 43225 b” x** +

b x2
1- —
a

/3 ) 1 1 3 bx?
Hypergeometric2F1| —, =, =, —]

3 2 2 a

6243840 a° x

J/ (1339975 (a- bx2>1/3)

Problem 117: Result unnecessarily involves higher level functions.

J(a_bxzw (3a+bx2)%dx

Optimal (type 4, 637 leaves, 8 steps):
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285122a°x (a-bx?)*? ) 14256 a%x (a-bx?)°> s T
8645 6175 475
4
ix(afbxz)sﬂ (3a+bx?) - 114048 a* x i
25 8645 ((1_\/?) al/3 (a—bx2)1/3)

3 2/3
57024  31/4 l2+\/? a13/3 (a1/3_ (a—bx2)1/3) a%/3 1 al/3 (a—b)(Z)l/ + (a,ble/
((1—\/?) al’3 (a—bx2)1/3)

(1+\/?) al/3 _ (afbxz)l/3
(1—\/?) al/3 (a—bxz)l/3

EllipticE[ArcSin|

|, -7+4+3] /

al/3 (31/3_ (a—bx2)1/3)
8645 b x | - +

((1—\/?) al/3 - (a—bx2)1/3)2

a2/3 , al/3 (a—bx2)1/3+ (a—be)Z/3

((1-V3) a2 (a-bx2)*?)°

380162 3431 (3%~ (a-bx?) ')

(1+\E) al/3 _ (a—bxz)l/3
( _ﬁ) al/3 _ (a—bx2)1/3

EllipticF [ArcSin|

], -7+4+3] /

=

al/3 (al/3 _ (a B bx2)1/3)

([1-V3) a7 (a-bx)22)?

8645bx |-

Result (type 5, 99 leaves):

[3

66315 a* x - 72370 a3 b x3 - 4956 a® b% x> + 9282 a b3 x” + 1729 b* x° +

]/ (43225 (a—bx2)1/3)

b x2

a

63360a%x |1-

) )

1/3
) Hypergeometric2F1|

1 1 3 bx?
=, =5, 7}
3 2 2

a

Problem 118: Result unnecessarily involves higher level functions.

J(a—bxz)S/3 <3a+bx2) dx

Optimal (type 4, 608 leaves, 7 steps):
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1800 a2 x (a - bx2>2/3 180

+—ax<a—bx2)5/3_
1729 247
ix(a—bxz 8/3 7200 a3 x )
19 1729 ((1—\/?) al/3 - (a—bx2)1/3)

3 2/3
3600 314 /72+\/? A16/3 (a1/3_ (a—bx2)1/3) a?/3 4 a1/3 (abeZ)l/ + <a7bX2)2/
((1—\/?) al/’3 (a—bx2)1/3)

(1+\/?) al/3 _ (afbxz)l/3
( —\/?) al/3 (a—bxz)l/3

EllipticE[ArcSin|

|, -7+4+3] /

=

al/3 (a1/3 _ (a B bx2)1/3)

((1—\/?) al’3 - (a—bx2)1/3)2

1729bx | -

+

a2/3 , al/3 (a—bx2)1/3+ (a—bxz)Z/3

((1—\/?) al’3 - (afbx2)1/3)2

2400 /2 3742192 (a2 - (a-bx?)?)

(1+\E) al/3 _ (a—bxz)l/3
(1—\/?) al/3 _ (a—bx2)1/3

EllipticF [ArcSin|

], -7+4+3] /

al/3 (al/3 _ (a B bx2)1/3)

([1-V3) a7 (a-bx)22)?

1729bx | -

Result (type 5, 88 leaves):

1
31929a3x-1167a’bx3+147ab?x° +
1729 (a-bx2)*?
2\1/3 2
3.7 3 _bx : 11 3 bx
91b3>x’ +800a>x |1 Hypergeometric2F1[~, =, =, ]
a 3 2 2 a

Problem 119: Result unnecessarily involves higher level functions.

b 2\5/3
Jib X ) dx

3a+bx?

Optimal (type 4, 765 leaves, 7 steps):
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—ix(a—bx2>2/3+ %ax +
7 7((17\5) a1/37(a7bx2)1/3)
4 21/3 37/6 pApcTan [ @E] 4 21/3 37/6 Ar‘cTan{ 3 a¥f [a2-2/2 (a-bx?) )
Vb x . Vb x _
0 V3 b
4 2%/3 376 ArcTanh | @] 4 21237/ ArcTanh| /s (al//'3+21;)3 (XabeZ);/;) ]
a
+ +
3vb Vb

g 3U/4 /2+ﬁ7a4/3 (a1/37(a7bx2)1/3) 32/3 , a1/3 (a—bx2>1/3+(a—bx2)2/3
((1—\5) a1/3—(a—bx2>1/3)2

=

+\/?) al/3 - (a—bxz)l/3
(1—\5) al/3 _ (a—bxz)l/3

|, -7+4+3] /

EllipticE [Ar‘cSin [

al/3 (31/3 _ (a _ bX2>1/3)

((17\/?) al/3 - (afbxz)l/S)2

7bx |-

a2/3 4 al/3 (a—bx2>1/3+ (a—bx2>2/3

((1—\/?> al/3 - (a—bx2)1/3)2

32+/2 33/4 43 (a1/3_ (a—bxz)l/B)

(1+\/?) al/3 _ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

|, -7+4+3] /

EllipticF[ArcSin|

al/3 (a1/3 B (a B bxz>1/3)

((l—ﬁ) al/3 - (a—bx2)1/3)2

7bx |-

Result (type 6, 333 leaves):
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1 5 5 11 3 bx? bx?
————x |-3a+3bx*+ |144a AppellFl[*, =1, = —, 77} /
7 (a-bx2)'? 273 27 a 3a
, 1 1 3 bx? b x2
<3a+bx) 9aAppe11F1[*, - 1, =, 7:*7}+
2 3 2 a 3a
5 3 1 5 x2 b x2 3 4 5 bx? b x2
2bx? |-AppellFl| =, =, 2, =, —, - —| +AppellF1[ =, —, 1, =, —, - —| _
2 3 2 a 3a 2 3 2 a 3a
S 3 1 5 bx? b x2
160 a“ b x AppellFl[f, -1, =, —, 77] /
2 3 2 a 3a
, 3 1 5 bx? b x2
(3a+bx?) 15aAppellFl| =, =, 1, =, —, - — | +
2 3 2 a 3a
) 5 1 7 x2 b x2 5 4 7 bx? b x2
2bx —AppellFl[—, =52, =, —, f—} +App911F1[—, 1, = - }
2 3 2 a 3a 2 3 2 a 3a

Problem 120: Result unnecessarily involves higher level functions.

_b 2\5/3
J<a X ) dx

(3a+bx2>2

Optimal (type 4, 775leaves, 7 steps):
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2x(a—bx2)2/3 11 x

3 (3a+bx?) 3((1—\/?)a1/3—<a—bx2)1/3)

A3 al/s (31/3-21/3 (a-b xz)l//aj

21/3 31/6 ApcTan [ M} 21/3 31/6 ApcTan [

\/F X _ \/F X +
V3 b V3 o
1/3 41/6 b x
21/2 al/® ArcTanh | %} 2172 /¢ ArcTanh | al/e (/24213 (a-bx?) ) |

3vb Vb

1/3 2/3
11 /2+\/? J1/3 (a1/3— (a—bx2)1/3) a?/3 4 gl/3 (afbx2> + (a,bxz>

([1-3) a2 (a-bx) )

1+\E) al/3 _ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

EllipticE [ArcSin|

|, -7+4+/3] /

al/3 <a1/3— (a—bx2>1/3)
2 .3¥%px |- .

([1-V3) a7~ (a-bx)t?)?

a2/3 ; gl/3 (a—bx2)1/3+ (a—be)Z/3

((17\5) al/3 - (a—bx2)1/3)2

11+/2 a'/3 (a1/37 (afbx2>1/3)

1+\/?) al/3 (a—bxz)l/3

(17\5) al/3 _ (afbxz)l/e‘

EllipticF [Ar‘cSin [

], -7+4+3] /

al/3 (31/3 _ (a _ bx2>1/3)

((17\/?) al/s (afbxz)lﬂ)2

3 3Y4px

Result (type 6, 320leaves):
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| 17
X |6a-6bx2-
5 1 1 3 bx? b x2 1 1 3 x2 b x2
27a%AppellFl[ =, =, 1, =, —, - —| / 9aAppellFl[~, —, 1, =, —, - — | +
3 20 a 3a 273 27 a 3a
5 3 1 5 bx?2 b x2 3 4 5 x2 b x2
2bx? |-AppellFl[ =, =, 2, =, —, - —| +AppellF1[ =, —, 1, =, —, - — || +
2 3 2 a 3a 2 3 2 a 3a

, 3 1 5 bx? b x2?
55abxAppellFl[=, =, 1, =, —, - —]
27 3

a 3a

b x? b x?

R 77] +2bx?
3a

5

)

2 a

7 bx? bxz]
2) a ’ 3a

3 1
[15 a AppellF1l [ - — 1,
2 3

5 1 7 bx? b x2
~AppellF1][ =, =, 2, —
2 3 2

m/ (9(a-bx2)"* (32:bx2))

Problem 121: Result unnecessarily involves higher level functions.

_ b 2\5/3
J%d}x

(3a+bx2)3

5
AppellF1[—,
2

4
- 1,
3

Optimal (type 4, 815leaves, 9steps):
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x(a—bxz)Z/3 x(a—bxz)Z/3 X Ar‘cTan[%XE}
+

- + +
3(3a+bx?)? 18a (3a+bx?) 18a((1—\/?)a1/3—(a—bx2)1/3) 18  22/3+/3 a%/6+/b

V3 ale (a2 (abx?) ) b ArcTanh bx
ArcTan | o | ArcTanh| %} [ /e (525 (a0) ) ]
- + +
18  22/3 \/? a5/6 W 54 - 22/3 35/6 W 18  22/3 35/6 \/F

a2/3 4 gl/3 <afbx2)1/3+ (afbxz)Z/3

([1-v3) a2 (a-bxe) 2]

2+4/3 (31/37 (afbx2>1/3)

1+\/?) al/3 - (a—bxz)l/3
(1—\/?) al/s (a—bxz)l/3

|, -7+4+3] /

EllipticE[ArcSin|

e al/3 (31/3_ (a—bx2)1/3)
12 . 334323px |- -

((1—\/?) al/? - (a—bx2)1/3)2

a2/3 4 g1/3 (a—bx2)1/3+ (a—bxz)Z/3

((1-V3) a2 (a—bx2)1/3)2

(a1/3 - (a —bx2)1/3)

(1+\E) al/3 _ (a—bxz)l/3
( —\/?) al/3 - (a—bxz)l/3

|, -7+4+/3] /

EllipticF [ArcSin|

=

al/3 (a1/3 _ (a _ bx2>1/3>

((1-+3])ar2- (a—bx2)1/3)2

92 34a?2bx

Result (type 6, 346 leaves):

. 2.4 , 1 1 3 bx? bx?
x|9a-12bx?+ +|27a (3a+bx?) AppellFl[—, —, 1, =, —, - —| /
a 2 3 2 a 3a
1 1 3 bx? b x?
9aAppellF1[=, =, 1, =, —, - |+
2 3 2 a 3a
5 3 1 5 bx? b x2 3 4 5 bx? b x2
2bx —AppellFl[—, —y 2, —y —, ~ }+App911F1[—, -1, = —:——} -
2 3 2 a 3a 2 3 2 a 3a
1 5 bx? b x2
5b x? (3a+bx2)Appe11F1[f =1, =, 7,77]/
3 2 a 3a
3.1 5 bx? bx? 5 5 1 7 bx> bx?
15aAppellF1[=, =, 1, =, —, - — | +2bx? |-AppellF1[=, =, 2, =, —, - — | «
2 3 2 a 3a 2 3 2 a 3a
5 4 7 bx? b x2
AppellFl[ =, —, 1, —, —, - —] ]]]/ (54 (a,bxz)lxa (3a+bx2>z)
2 3 2 a 3a
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Problem 122: Result unnecessarily involves higher level functions.

J(3a+bx2)4

(a-bx?)"?

dx

Optimal (type 4, 659 leaves, 8 steps):

155268a’x (a-bx?)*” 36288a’x (a-bx?)*’ (3a+bx?) 18 2 bx)?? (324 0%

43225 6175 19
4
iX (a—bx2)2/3 (33+bX2)3— 3794688 a* x B
25 8645 ((17\E) al/3 _ (abe2>1/3)

1897344 31/ %ZJr\E 133 (a1/3, (a—bx2>1/3) a2/3 , a1/3 (a—bx2)1/3+ <a—bx2)2/3
((17\5) al/3 _ (a—bx2)1/3)2

(1+\/?) al/3 - (a—bxz)l/3
(17\5) al/3 _ (afbxz)l/3

EllipticE [Ar‘cSin [

], -7+4+3] /

al/3 (al/3 _ (a _ bxz)l/B)

((1—\5) al/3 - (a—bx2>1/3)2

8645bx | -

+

a2/3 1 gl/3 (afbx2)1/3+ (afbx2)2/3

([1-V3) a7 (a-bxe)r?)?

12648962 3%/4a® (a'? - (a-bx?) ')

(1+\/?) al/3 - (a—bxz)l/3
( —\/?) al/s - (a—bxz)l/3

EllipticF[ArcSin|

|, -7+4+3] /

=

al/3 (al/S _ (a _ bx2)1/3)

((1—\/?) al/3 - (a—bx2)1/3)2

8645bx | -

Result (type 5, 98 leaves):

3Xx |-941085a* +727830abx%+184044 a2 b% x* + 27482 a b3 x® + 1729 b* x® +
x2 |13 1 1 3 bx?
2108160 a* (1- —] Hypergeometric2F1[ =, —, =, —| / (43225 (a—bxz)l/s)
a 32 2 a

Problem 123: Result unnecessarily involves higher level functions.

3a+bx?)3
J@dx

(a-bx?)??
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Optimal (type 4, 628 leaves, 7 steps):

15768 a2 x (a-be)Z/3 324

- —ax (a—bx2>2/3 (3a+bx2) -
1729 247

3
ix(a—bxz)ZB (3a+bx2)27 215136 a@° x
19 1729 ((17\5) al/3 _ (a—bx2)1/3)

107568 31/4 l72+ﬁ 103 (a1/3— (a—bx2>1/3) a2/3 ; al/3 (a—bx2>1/3+ (a—bx2)2/3
([1-+3] a2 (a-bx2)*?)

(1+\E) al/3 (a—bxz)l/3
_\/?) al/3 _ (a—bx2)1/3

EllipticE [ArcSin|

|, -7+4+/3] /

=

al/3 (al/B _ (a B bx2)1/3)

([1-V3) a2 - (a-bx)t?)?

1729bx | -

+

a2/3 4 gl/3 (a—bx2)1/3+ (a—bx2>2/3

([1-V3) - (a-bxe)r?)?

717122 3%/%a% (a2 - (a-bx?)*7]

=

+\/?) al/3 - (a—bxz)l/3
,\E) al/3 - (a—bxz)l/3

EllipticF [Ar‘cSin [

|, -7+4+3] /

=

al/3 (a1/3 _ (a _ bX2)1/3)

([1-V3) a7 (a-bxe)r?)?

1729bx | -

Result (type 5, 88leaves):

1 3 243 2,5
3|1-8343a°x+7041abx”+1211ab° x>+
1729 (a-bx?)*"?
bx2)13 . 1 1 3 bx?
91b3x’ +23904a°>x |1 - — Hypergeometric2F1[ =, =, =, —]
a 3 2 2 a

Problem 124: Result unnecessarily involves higher level functions.

J(3a+bx2>2

(a-bx?)*?

dx

Optimal (type 4, 597 leaves, 6 steps):
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2
fgax(afbx2)2/3fix(afbx2)2/3 (3a+bx2) - 3240 a“ x )

91 13 o1 ((1-+/3 ] a2~ (a-bx?)*?)

a2/3 4 gl/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) a7 (a-bx)2?)?

1620 3V4+/2++/3 a’/3 (a1/3— (a—bxz)l/B)

(1+\E) al/3 _ (a—bxz)l/3
( —\/?) al/3 - (a—bxz)l/3

EllipticE [ArcSin|

|, -7+4+/3] /

=

al/3 (al/3 _ (a3 - b x2 1/3
91bx |- ( < ) ) +

([1-V3) a7 (a-bx)22)?

a??+al? (a-bx?)Y?+ (a-bx?)??

((17\/?) al/3 - (a—bxz)l/g')2

1080 /2 37427 (3% - (a-bx?) ')

( +\/?) al? - (a-bx?)"?
(1—\5) al/3 _ (a—bxz)l/3

=

EllipticF [Ar‘cSin [

], -7+4+3] /

3l/3 (al/3 _ (a _ bxz)1/3)

((1—\5) al/3 - (afbx2)1/3)2

91bx |-

Result (type 5, 77 leaves):

.t

91 (a-bx?)"?

173 1 1 3 bx?

Hyper‘geometr‘icZFl[f, -, = 7]
3 2 2 a

b x2?
1- —
a

3|-87a’x+80abx®+7b%x°+360a’x

Problem 125: Result unnecessarily involves higher level functions.
j 3a+bx? dx
(a-bx?)*?

Optimal (type 4, 568 leaves, 5 steps):
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—ix(a—bx2>2/3— 72ax -

7 7((17\5) a1/37(a7bx2)1/3)

36 314 /2+ﬁ7a4/3 (a1/37(a7bx2)1/3) 32/3 , a1/3 (a—bx2>1/3+(a—bx2)2/3
((1—\5) a1/3—(a—bx2>1/3)2

=

[ ( +\/?) al? - (a-bx?)"?
(1—\5) al/3 - (a—bxz)l/3

EllipticE [Ar‘cSin

|, -7+4+3] /

al’3 (a3 _ (a - b x2 1/3
7bx |- ( ( ) ) +

((17\/?) al/s (afbxz)l/S)2

a2/3 4 al/3 (a—bx2>1/3+ (a—bx2>2/3

((1—\/?> al/3 - (a—bx2)1/3)2

242 33/4 a4/3 (a1/3_ (a—bxz)l/B)

(1+\/?) al? - (a-bx?)'?
(1—\/?) al/3 - (a—bxz)l/3

EllipticF[ArcSin|

|, -7+4+3] /

al/3 (a1/3 B (a B bxz>1/3)

((l—ﬁ) al/3 - (a—bx2)1/3)2

7bx |-

Result (type 5, 62 leaves):

3 X

1/3
-~a+bx*+8a (1 - ba—xz) Hyper‘geometr‘icZFl[i, i, %, M])

7 (a-bx2)'?

Problem 126: Result unnecessarily involves higher level functions.

J ! dx
(a—bxz)l/3 (3a+bx?)

Optimal (type 3, 204 leaves, 1step):

V3 al/e (31/'3721/3 (afb X2>1/3)

ArcTan | %} ArcTan |
X

+ Vb x -
2 . 22/3 \/?35/6\5 2 . 22/3 \/?35/6 W
b x
ArcTanh | %} ArcTanh| /¢ (@125 (a50) ) ]

+
6 22/3 a5/6A/b 2 22/3 35/6“/b

Result (type 6, 162 leaves):
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1 1 3 bx? b x?
9axAppe11F1[f, =1, = — - — ]/
2 3 P a 3a
1 1 3 bx? b x?
((a—bxz)l/3 (3a+bx*) [9aAppellFl|—, =, 1, =, —, - |+
2 3 2 a 3a
5 3 1 5 bx? b x? 5 bx? b x?
2bx* |-AppellF1[=, =, 2, =, —, - — | +AppellF1[=, —, 1, =, —, - —|
2 3 2 a 3a 2 3 2 a 3a

Problem 127: Result unnecessarily involves higher level functions.

dx

1
J(abxz)l/3 (3a+bx2)2

Optimal (type 4, 787 leaves, 7 steps):

X (a—bxz)Z/3 X Ar‘cTan[%XE]

2422 (3a+bx2) 2422 ((17\/?) al/3_ (afbxz)l/s) g 22/3ﬁa11/6v3+

V3 al/s (al/3-21/3 (a_bx?)Y/? b x
ArcTan| [ o lz-022)7) | ArcTanh| %} ArcTanh [ /e (/25245 (a b)) ]
_ I _
g  22/3 \/? all/e W 24 - 22/3 311/6 \/F 8 22/3 311/6 \/F

a2/3 4 als3 (a—bx2)1/3+ (a—bx2)2/3

((1—\/?) al/3 - (a—bx2)1/3)2

2+4/3 (a1/3— (a—bx2)1/3)

1+\E) al/3 _ (afbxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

EllipticE[ArcSin|

|, -7+4+3] /

al/3 (a1/3_ (a—bx2>1/3>
16 3343°3bx |- +

((1—ﬁ> al/3 - (a—bx2)1/3)2

a??+a'? (a-bx?)Y? 4 (a-bx?)??

([1-V3) a2~ (a-bx)?)?

(a1/3 - (a—bxz)l/S)

1+\/?) al/3 _ (a—bxz)l/3

e

EllipticF [ArcSin|

al/3 (a1/3 _ (a B bX2)1/3)

((1—\5) al/3 - (afbx2)1/3)2

12+/2 3Y4 a3 pbx

Result (type 6, 322 leaves):
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1 1 3 bx2 bx2 1 1 3 bx? b x2
189 AppellFl|—, =, 1, =, — 9aAppe11F1[f, =1, =, —, - — ]+
2 3 2 a 2 3 2 a 3a
5 3 5 bx2 b x 3 4 5 bx? b x2
2bx AppellFl[— =52, =, —,——}+AppellF1[— -1, —, —,——} +
2 3 2 a 3a 2 3 2 a 3a
1 ) ) 3 1 5 bx? bx2
—|3a-3bx?+ [5abx?AppellFl[ =, =, 1, =, —, - —| / 15a
a2 2 3 2 a 3a
3 1 b x2 b x? 5 5 7 bx? b x?
AppellF1[=, =, 1, =, ——, -——] +2bx® |-AppellF1[=, =, 2, =, —, - —] +
2 3 2 a 3a 2 3 2 a 3a
5 4 7 bx? b x?
AppellFl[ =, —, 1, —, —, - —| ) J/ (72 (a—bx2>1/3 (3a+bx2))
2 3 2 a 3a

Problem 128: Result unnecessarily involves higher level functions.

1
J(abxz)l/3 (3a+bx2)3

Optimal (type 4, 818 leaves, 8steps):

dx
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x(a—bxz)Z/3 5x(a—bx2)2/3 5 x
+

48 3?2 (3a+bx2>2 288 a3 (3a+bx2) - 288 a3 ((1_ﬁ) al/3 _ (a—bx2)1/3)

3 al/6 <a1/3_21/3 (a—bxz)l’/3>

5Ar‘cTan[Q£3b 2 } 5Ar‘cTan[
X
v +

\b x B
144 22/3+/3 al7/6 /b 144  22/3./3 al7/6\/b
b x
5 ArcTanh [ @] 5 ArcTanh [ a1/ (al/gﬂl/s (aibxz)m) ]

a

432 22/3 a17/6,\/b 144 22/3 a17/6A/b

a2/3 4 g1/3 (a—bx2)1/3+ (afbxz)Z/3

2++/3 (a1/3—(a—bx2)1/3) e
((1—\/?) al’? - (a-bx?) )

1+\E) al/’3_ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/g’}

EllipticE [ArcSin|

, ~7+4/3 ] /

a1/3 (31/37 (afbx2)1/3)
192 334383 px |- +

(23] a2 (a )22

a2/3+al/3 bx2)1/3 ( —bx2)2/3

a1/3— (a—bx2)1/3)2

5 (al/B 1/3

(1+\/_ al/3 (a—bxz)l/3
(1 \ﬁ)al/3 (a-bx?)*?

E111pt1cF Arc51n

], -7+4+3] /

al/3 (a1/3 _ (a _ bx2)1/3)

((17\/?) al/3 - (afbxz)l/i‘)2

144+/2 34 a*3bx

Result (type 6, 352 leaves):
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1 1 3 bx? b x?
x |3 (a-bx?) (21a+5bx2)+[675a2 (3a+bx?) AppellF1[—, =, 1, =, —, - —| /
2 3 2 a 3a
11 3 bx? b x2
9aAppellFl[ =, =, 1, =, —, - — | +
2 3 2 a 3a
5 3 1 5 bx? b x? 3 4 5 bx? b x?
2bx? |-AppellFl| =, =, 2, =, ——, - ——| +AppellF1[ =, —, 1, =, —, - — ||| +
2 3 2 a 3a 2 3 2 a 3a

,

2 2
(ZSabx2 (3a+bx?) AppellFl[z, 1, 1, E, bx? = bx })/

2 3 2 a 3a
3 1 5 bx? b x?2 5 5 1 7 bx? b x?2
15aAppellFl| =, ~, 1, =, —, - ——| +2bx? [-AppellF1| =, =, 2, =, —, - — | +
2 3 2 a 3a 2 3 2 a 3a
5 4 7 bx? b x?
AppellF1[=, —, 1, —, —, - —] m/ (86427 (a-bx?)* (32+bx?)?|
2 3 2 a 3a

Problem 129: Result unnecessarily involves higher level functions.

dx

J(3a+bx2)3

(a-bx2)*

Optimal (type 4, 623 leaves, 7 steps):
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2538 ax (a—bx2)2/3+ﬂx <a—bx2)2/3 (3a+bx2) +
91 13
6x (3a+bx?)? 20088 a2 x

a0 a1 F ) (o))

a2/3  al/3 (a—bx2)1/3+ (a—bx2>2/3

((17\/?) al/3 - (a—bxz)l/s)2

10044 ~ 31/4 m a7/3 (a1/3 _ <a _ sz)1/3)

1+\/?) al/3 - (a—bxz)l/3

(1—\5) al/3 _ (a—bxz)l/3

EllipticE [Ar‘cSin [

|, -7+4+3] /

3l/3 (al/3 _ (a _ bxz)1/3)

((1—\5) al/3? - (afbx2)1/3)2

91bx |-

a2/3 4 al/3 (a—bx2>1/3+ (a—bxz)Z/3

( 1—\/?) al/? - (a—bx2)1/3)2

1+\/?) al/3 _ (a—bxz)l/3
(1—\/?) al/3 (a—bxz)l/3

6696 /2 3¥4a’? (a2 (a-bx?)'"|

EllipticF[ArcSin|

|, -7+4+3] /

a1/3 (31/3 - (a- bxz)1/3)

((1—\/?) al/3 - (a—bx2)1/3)2

91bx |-

Result (type 5, 76 leaves):
1

_91 (a—bxz)l/3
2

1/3
1
3x |-3051a%+132abx?+7b%x*+2232 a2 (1 - ] Hypergeometric2F1| -,
3

a

Problem 130: Result unnecessarily involves higher level functions.

3a+bx2)?
J<a+X>dX

(a—bxz)‘”3

Optimal (type 4, 592 leaves, 6 steps):
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6x (3 b x?
Ex(a—bx2>2/3+ x (3a+bx) + 324ax +

7 (afbxz)l/3 7((1—\/?)31/3—(a—bx2)1/3)

a2/3 4 gl/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) o~ (a-bx)?)?

162  3144/2++/3 a*3 (a1/3— (a—bx2)1/3)

1+\E) al/3 _ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

EllipticE [ArcSin|

|, -7+4+/3] /

al/3 (a1/3 _ (a _ bx2>1/3)

([1-V3) a7 (a-bx)?)?

7bx |-

a2/3 4 gl/3 (a—bx2)1/3+ (a—be)Z/3

((1—\5) al/3 - (a—bx2>1/3)2

108 \E 33/4 44/3 (a1/3 B (a _b X2> 1/3)

=

+\/?) al/3 - (a—bxz)l/3
(17\5) al/3 _ (afbxz)l/e‘

EllipticF [Ar‘cSin [

], -7+4+3] /

al/3 (31/3 _ (a _ bx2>1/3)

((17\/?) al/3 - (afbxz)l/s)2

7bx |-

Result (type 5, 62 leaves):
X2 1/3 1
-57a+bx*+36a [1 - —] Hypergeometric2F1 [ —>
a 3

1
-—3x

7 (a-bx?)*?

b x2

>

a

)

N W

N |

Problem 131: Result unnecessarily involves higher level functions.
3a+bx?
——dX
J(a_bxz)4/3

Optimal (type 4, 561 leaves, 5 steps):
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6 X 9 x
+
(a—bxz)l/3 (17ﬁ) a1/37(a7bx2)1/3

+

a2/3 , al/3 (a—bx2)1/3+ (a—be)Z/3

((17\/?) al/3 - (a—bx2)1/3)2

9 342443 a2 (al? - (a-bx?) ')

=

[ ( +\/?) al? - (a-bx?)"?
(1—\5) al/3 - (a—bxz)l/3

EllipticE [Ar‘cSin

|, -7+4+3] /

al/3 (31/3 _ (a _ bX2>1/3)

((17\/?) al/s (afbxz)l/S)2

2bx |-

a2/3 4 al/3 (a—bx2)1/3+ <a—bx2)2/3

((1—\/?) al/3 - (a—bx2)1/3)2

3/2 334,13 (31/3_ (a—bxz

_

1/3)

(1+\/?) al? - (a-bx?)'?
(1—\/?) al/3 - (a—bxz)l/3

EllipticF[ArcSin|

|, -7+4+3] /

al/3 (31/3 B (a B bx2)1/3)

((1—\/?) al/3 - (a—bx2)1/3)2

bx |-

Result (type 5, 51leaves):

3 X

211/3 . 2
24 (17 bTX) Hypergeometric2F1[ 2, 7, 2, bi])

a

(a-bx?)'?

Problem 132: Result unnecessarily involves higher level functions.

J ! dx
(a—bxz)‘”3 (3a+bx?)

Optimal (type 4, 776 leaves, 7 steps):
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ArcTan | M]

3 X 3 X Vb x
+

+ +
8 a2 (a—bx2)1/3 8a2((1—\/?) a1/3—(a—bx2)1/3) 8 22/3./3 al1/6[pp

A3 al/6 (al/3-21/3 (a-bx2)Y/? b x
Ar‘cTan[ 2 <a 75 x (a->x’) ) ] ArcTanh [ %} ArcTanh [ al/6 (al/'3+21/3 (a-b xz)l/s) }
- + +
g  22/3 ﬁ all/6 W 24 .~ 22/3 311/6 \/F 8  22/3 311/6 \/F

a2/3 4 gl/3 (afbx2)1/3+ (afbxz)Z/g’

([1-V3) a7 (a-bxe)2?)?

3 3V442++/3 (31/3—(a—bx2>1/3)

(1+\/?) al/3 _ (a—bxz)l/3
(17\/?) al/3 - (a—bxz)l/3

|, -7+4+3] /

EllipticE[ArcSin|

al/3 (a1/3 _ (a _ bx2)1/3>

((1—\/?) al/? - <a—bx2)1/3)2

16 a°/3 b x

a2/3 4 g1/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) a7 - (a-bx)t?)?

33/4 (a1/3 _ (a _ bx2>1/3)

(1+\E) al/3 _ (a—bxz)l/3
(1—\/?) al? - (a-bx?)*?

|, -7+4+/3] /

EllipticF [ArcSin|

a1/3 (a1/3 _ (a _ bX2)1/3)

([1-V3) a2~ (a-bx)?)?

4+/2 a®3bx

Result (type 6, 325leaves):
1

8 (a-bx?)">

1 1 3
X (—([9Appe11F1[;, ;, 1, ;, ) —]

, 11 3 bx? bx? )
(3a+bx?) |9aAppellFl|=, =, 1, =, —, - | +2bx
273 27 a 3a
3 1 5 bx? b x? 3 4 5 bx?
~AppellF1[=, =, 2, =, ——, - ——] +AppellF1[=, =, 1, =, —, - —]
2 3 2 a 3a 2 3 2 a
1 5 3 1 5 bx? b x2
—|[3-1]5abx AppellFl[—, - 1, =, —,——] /
a2 273 2 a 3a
R 3 1 5 bx? bx? 5
(3a+bx) 15aAppellF1[*, =1, =, - ]*be
2 3 2 a 3a
5 1 7 bx? b x? 5 4 7 bx?
~AppellFl| =, =, 2, =, —, - | +AppellFl| =, —, 1, =, —, - —]
2 3 2 a 3a 2 3 2 a
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Problem 133: Result unnecessarily involves higher level functions.

J 1 dx
(a—bxz)‘”3 (Ba+bx2)2

Optimal (type 4, 807 leaves, 8 steps):
X X

.
12 a3 (a—bxz)l/3 24 a2 (a—bxz)l/3 (3a+bx2>

Ar‘cTan[%E]
X

+

X

+

.
12a3((17\/?) a1/3—(a—bx2)1/3) 16 - 22/3/3 al7/6./p

3 al/6 (al/3_21/3 (a_bx2 1/3 b x
Ar‘CTan[ a (a = (a X ) ) ] ArcTanh [ %} ArcTanh [ J1/6 (al//3+21/3 (a—b )(2)1/3) ]
- +
16 -~ 22/3 \/? al7/6 \/F 48 . 22/3 317/6 \/F 16  22/3 317/6 \/F

a2/3 ; gl/3 (a—bx2)1/3+ (a—bxz)Z/3

([1-V3) a7~ (a-bx)t?)?

2:4/3 (a1/3_ (a—bx2>1/3)

1+\/?) al/3 _ (a—bxz)l/3

(1—\/?) al/3 _ (a—bxz)l/3

EllipticE [ArcSin|

], -7+4+3] /

31/3 (a1/3 _ <a _ bxz)1/3)

((1-v3) a2 (a-bxe) 2]

8 33/4 a8/3 b x

a2/3 4 gl/3 (a—bx2)1/3+ (a—be)Z/3

((1-v3) a2 (a-bxe)22)?

(31/3— (afbxz)l/z')

=

[ ( +\/?) al? - (a-bx?)'?
( —\E) al/3 _ (afbxz)l/3

EllipticF [ArcSin

|, -7+4+3] /

=

al/3 (a1/3 _ (a _ bx2>1/3>

([1-V3) - (a-bx)r?)?

62 3*a%2bx

Result (type 6, 323 leaves):
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X [21a+6bx?+

5 1 1 3 bx? b x2
27a%AppellFl[ =, =, 1, =, —, - —|
203

1 1 3 bx?
/ 9aAppellFl[—, =, 1, =

2 a 3a 2 3 2 a
5 3.1 5 bx? bx? 3 4 5 bx?
2bx? |-AppellFl[ =, =, 2, =, —, - ——| +AppellF1[ =, —, 1, =, —,
2 3 2 a 3a 2 3 2 a

, 3 1 5 bx? b x?
1@abx?AppellFl| =, =, 1, =, —, - —]
273 a 3a
b x2 b x?

/

3 1
[15 a AppellF1l [ - — 1,
2 3

5 5 1 7 bx?
=, ——, - ——] +2bx? |-AppellF1][ =, =, 2, —
2 a 3a 2 3 2 a
2 2
AppellFl[E, i, 1, Z, b_x,_b_x] ])]/(72a3 (a—bxz)l/3 (3a+bx2))
2 3 2 a 3a

Problem 134: Result unnecessarily involves higher level functions.

dx

1
J(a—bxz)‘”?’ (_’;a+bx2)3

Optimal (type 4, 849leaves, 9steps):
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X 17 x
+ _

48 a2 (a—bxz)l/3 <3a+bx2)2 192 a3 (a—bxz)l/3 (3a+bx?)

19x (a-bx?)*? 19 x 7APCTan[%XE]

+ + +
1152a% (3a+bx*)  1152a% ((1-+3 | a3~ (a-bx?)V?) 288 22343 a®/64b

1/6 1/3_51/3 b y2\1/3 b
7 ArcTan| V3 at (a V;X (a-bx?) 2] ] 7ArcTanh[%} 7 ArcTanh| e (XabeZ)l/é) ]
+ +

288 22/3 /3 a23/6 /b 864 22/3 a23/6 /b 288 22/3 a23/6 A/ b

a2/3 4 al/3 (a—bx2)1/3+ (a—bxz)z/3

( 1—\/?) al/? - (a—bx2)1/3)2

(1+\E) al/3 _ (afbxz)l/g’
_\/?) al/3 _ (a—bX2)1/3

19+/2 +/3 (a1/3— (a—bx2)1/3)

|, -7+4+3] /

EllipticE[ArcSin|

=

31/3 (31/3 B (a _ bxz)l/B)
768 33/4 a11/3 b X _ _

((1—\/?) al/3 - (a—bxz)l/g')2

a2/3  al/3 (a—bx2)1/3+ (a—bxz)Z/3

((1—\/?) al/3 - (afbx2)1/3)2

19 (a1/3 - (a- bxz)l/g)

(1+\E) al/3 - (a—bxz)l/3
(1—\/?) al/3 _ (a—bxz)l/3

], -7+4+3] /

EllipticF [ArcSin|

al/3 (31/3 B (a B bX2>1/3)

((1—\/?) al/3 - (afbxz)l/s)2

576 /2 34 alt/3px

Result (type 6, 353 leaves):
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2 3 2.5 5 5 1 1 3 bx? b x2
819a’x+420ab x> +57b? x> + |999a’x (3a+bx?) AppellFl|—, =, 1, —, —, - —| /
2 3 2 a 3a
11 3 bx? b x?
9aAppellFl[=, =, 1, =, —, - — | +
2 3 2 a 3a
5 3 1 5 bx? b x2 3 4 5 bx? b x2
2bx? |-AppellFl[ =, =, 2, =, ——, - ——| +AppellF1[ =, —, 1, =, —, - — ] || -
2 3 2 a 3a 2 3 2 a 3a
3 ) 3 1 5 bx? bx?
95abx® (3a+bx?) AppellFl[ =, —, 1, =, —,——}/
2 3 2 a 3a
3 1 5 bx? b x?
15aAppellFl[ =, =, 1, =, —, - —] +
273 2" a 3a
, 5 1 7 bx? bx? 5 4 7 bx? bx?
2bx? |-AppellF1[=, =, 2, =, ——, - ——] +AppellF1[>, =, 1, =, —, - —| /
2 2 a 3a 2 3 2 a 3a

3
(3456a4 <a—bx2)1/3 (3a+bx2)2>

Problem 135: Result unnecessarily involves higher level functions.

dx

J(3a+bx2)4

(a-bx?)7?

Optimal (type 4, 653 leaves, 8 steps):
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,3249ax (afbxz)Z/B—ﬂx (a—bxz)Z/3 <3a+bx2) -
91 13
9x<3a+bx2)2 3x(3a+bx2>3 36936 a2 x
. _

2(a-bx?)"?  2(a-bx)*? o1 ((1-4/3)at3- (a-bx?)?

a??+al? (a-bx?)Y? 4 (a-bx?)??

18468 3V/44/2+/3 a7 (a2~ (a-bx?})'7) 1 | E
1-+/3 a1/3—(a—bx2)1/3

(1+\/?) a1/3’—(a—bx2)1/3
, 743
(17\5) a1/3(abx2)1/3} e 3}/

EllipticE [Ar‘cSin [

3l/3 (al/3 _ <a _ bxz)1/3)

((1—\5) al/3? - (afbx2)1/3)2

+

91bx |-

a2/3 4 al/3 (a—bx2)1/3+ (a—bxz)Z/3

12312+/2 3¥4a’/3 (a1/3—(a—bx2)1/3) ( ) )2
1-+/3 ) al/3- (a—bxz)l/3

R Y
1 V3] (a bt

EllipticF[ArcSin|

a1/3 (31/3 - (a- bxz)1/3)

((1—\/?) al/3 - (a—bx2)1/3)2

91bx |-

Result (type 5, 96 leaves):

1
1647 @ x - 4743 a’b x> + 177 ab?> x° +

,—3
91 (a-bx?)*?
s , , bx2)1/3 . 1 1 3 bx?
7b°x’ -4104a>x (a-bx?) |1- ——| Hypergeometric2F1|[—, —, =, —]
a 3 2 2 a

Problem 136: Result unnecessarily involves higher level functions.

3a+bx?)3
J(a+ X>d]x

(a—bx2)7/3

Optimal (type 4, 596 leaves, 7 steps):



36 | Mathematica 11.3 Integration Test Results for 1.1.2.3 (a+b x~2)"p (c+d x~2)"q.nb

2NN TS L 1 I

14 2 (a-bx2)*? 7((1_\/?) al/3_(a_bxz>1/3)

a2/3 4 gl/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) a2~ (a-bx)?)?

162  3V44/2++/3 a*? (a1/3— (a—bx2)1/3)

1+\E) al/3 _ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

EllipticE [ArcSin|

|, -7+4+/3] /

al’3 (3173 _ (3 _bx2)Y/3
7bx |- ( ( ) ) +

([1-V3) a7 (a-bx)2?)?

a2/3 4 gl/3 (a—bx2)1/3+ (a—be)Z/3

((1—\5) al/3 - (a—bx2>1/3)2

1082 3%/4a%2 (a¥? - (a-bx?)"?)

=

+\/?) al/3 - (a—bxz)l/3
(17\5) al/3 _ (afbxz)l/e‘

EllipticF [Ar‘cSin [

], -7+4+3] /

al/3 (31/3 _ (a _ bx2>1/3)

((17\/?) al/3 - (afbxz)l/s)2

7bx |-

Result (type 5, 83 leaves):
_r
7 (a-bx2)*?

1/3

o
X
N

b x?
1- —
a

1
Hypergeometric2F1 [ -

81a’x+99abx®-3b%x°+108ax (a—bx2>
3

N |
N w

)

® ‘

Problem 138: Result unnecessarily involves higher level functions.
j 3a+bx? dx
(a-bx?)7?

Optimal (type 4, 590 leaves, 6 steps):
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3x 9 x 9 x
+ +
2 (a-bx2)*? aa(a-bx?)'? 43((1,\5) a1/37(a7bx2>1/3)

+

a2/3 4 gl/3 (a—bx2)1/3+ (a—bxz)Z/3

((1—\5) al/3 - (a—bx2)1/3)2

9 3V4\2++/3 (a¥- (a-bx?)'7

[ (1+\/?) al? - (a-bx?)"?
(1—\5) al/3 _ (a—bxz)l/3

EllipticE [Ar‘cSin

|, -7+4+3] /

al/3 (31/3_ (a—bx2)1/3)
8a?3bx |- -

((1—\5) al/3 - (afbx2)1/3)2

a2/3 4 als3 (a—bx2)1/3+ (a—be)Z/3

( 1—\/?) al/3 - (a—bxz)l/g')2

(1+\/?) al/3 _ (a—bxz)l/3
_\/?) al/3 _ (a—bx2)1/3

3 33/4 (a1/3_ (a—bx2)1/3

—_

EllipticF[ArcSin|

|, -7+4+3] /

=

a1/3 (a1/3 _bx2 1/3)

—\/?) al/3 - (a—bx2)1/3)2

22 a?3bx

Result (type 5, 74 leaves):
X2 1/3 1

1- ] HypergeometricZFl[f, — > 7}
a

1

[15ax9bx33x (a—bx2>
4a (a—bxz)‘”3

Problem 139: Result unnecessarily involves higher level functions.

J ! dx
(a—bx2)7/3 (3a+bx?)

Optimal (type 4, 796 leaves, 8 steps):
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3 X 21 x 21 x
+ + +
322 (a-bx?)*? 642 (a-bx?)'? 64a3((17\/?) a1/37(a7bx2)1/3)

3 al/s (al//3—21/3 (a-b xz)l//3)
+ Vb x
32 22/3 ﬁ al7/6 W 32 22/3 \/? al7/6 W

ArcTanh | @] ArcTanh [

a

ArcTan | %E} ArcTan |
X

b x ]

/i /
al/6 (31/3+21/3 <a—b Xz) 1,3)

96  22/3 317/6 \/F 32 . 22/3 317/6 4/b

a2/3 , al/3 (a—bx2)1/3+ (a—bxz)Z/3

21 3Y44/244/3 (a2~ (a-bx?)*7?

((17\/?) al/3 - (a—bxz)l/g')2

[ (1+\/?) al? - (a-bx?)"?
(1—\5) al/3 - (a—bxz)l/3

EllipticE [Ar‘cSin

|, -7+4+3] /

al/3 (a1/3 _ (a _ bx2)1/3)

((1-vF) @ (aboe) )

128 a®3 b x

a2/3 4 al/3 (a—bx2)1/3+ (a—be)Z/3

( 1—\/?) al/3 - (a—bxz)l/g')2

(1+\/?) al/3 _ (a—bxz)l/3
_\/?) al/3 _ (a—bx2)1/3

7 . 33/4 (a1/3_ (a—bx2)1/3)

EllipticF[ArcSin|

|, -7+4+3] /

=

al/3 <a1/3 B (a B bx2)1/3)

((1—\/?> al/3 - (a—bx2)1/3)2

32+/2 a®3bx

Result (type 6, 347 leaves):
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1 3 (9a-7bx?) 5 11 3 bx?  bx?
X - |153a%AppellFl|[—, =, 1, =, —, - —| /
64a3(a7bX2)1/3 a-bx? 2 3 2 a 3a
, 1 1 3 bx? b x2
(3a+bx) 9aAppe11F1[*, - 1, = 7:*7}+
2 3 2 a 3a
5 3 1 5 bx? b x2 3 4 5 bx? b x2
2bx —AppellFl[—, -5 2, =, —, ——} +/-\pp911F1[—; -1, = —, ——} -
2 3 2 a 3a 2 3 2 a 3a
, 3 1 5 bx? b x2
35abx?AppellF1[=, =, 1, =, —, - —| /
2 3 2 a 3a
, 3 5 bx? b x2
(3a+bx?) 15aAppellFl| =, =, 1, =, —, - — | +
2 3 2 a 3a
5 5 1 7 x2 b x? 5 4 7 bx? b x?
2bx —AppellFl[—, —5 2, —, —, ——} +AppellF1[—, -1, = — ——}
2 3 2 a 3a 2 3 2 a 3a

Problem 140: Result unnecessarily involves higher level functions.

dx

1
J(a—bxz)”3 (3a+bx2)2

Optimal (type 4, 827 leaves, 9 steps):
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5x 79 X X

+ + +
384a° (a- bxz)‘”3 768 a* (a—bxz)l/3 2422 (a —bxz)‘”3 (3a+bx?)
V3 +Va
79 x \/?Ar‘cTan[ T x ]
+
768a* ((1-/3 ) a2 (a-bx2)*?| 128 223a%/64/b
/3 at/e 1/3_91/3 (a_px2)1/3 b x
\/?Ar‘cTan[ 2 (3 \/Fx (a X ) ) ] ArcTanh [ %] 3 ArcTanh [ al/e (al//3+21/3 (a—bxz)l/’3) }
- + +
128  22/3 323/6 W 128  22/3 323/6 \/F 128 = 22/3 323/6 W

a2/3 4 al/3 (a—bx2)1/3+ (a—bxz)z/3

( 1—\/?) al/? - (a—bx2)1/3)2

(1+\E) al/3 _ (afbxz)l/g’
_\/?) al/3 _ (a—bX2)1/3

79/2++/3 (a1/3— (a—bx2)1/3)

|, -7+4+3] /

EllipticE[ArcSin|

=

31/3 (31/3 B (a _ bxz)l/B)
512 33/4 a11/3 b X _ _

((1—\/?) al/3 - (a—bxz)l/g')2

a2/3  al/3 (a—bx2)1/3+ (a—bxz)Z/3

((1—\/?) al/3 - (afbx2)1/3)2

79 (a1/3 - (a- bxz)l/g)

(1+\E) al/3 - (a—bxz)l/3
(1—\/?) al/3 _ (a—bxz)l/3

], -7+4+3] /

EllipticF [ArcSin|

al/3 (31/3 B (a B bX2>1/3)

((1—\/?) al/3 - (afbxz)l/s)2

384+/2 3433 px

Result (type 6, 346 leaves):
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[ (897a2444abx2237b2x4
X

a-bx?

5 1 1 3 bx? b x2 1 1 3 bx? b x2
1161 a% AppellFl[~, =, 1, =, —, - —] / 9aAppellFl[~, =, 1, =, —, - — | +
2 3 2 a 3a 2 3 2 a 3a
5 3 1 5 bx? b x2 3 4 5 bx? b x2
2bx? |-AppellFl[ =, =, 2, =, ——, - ——| +AppellF1[~, —, 1, =, —, - — ] || -
2 3 2 a 3a 2 3 2 a 3a
) 3 1 5 x2 b x2
395abx?AppellFl[ =, =, 1, =, —, - —| /
2 3 2 a 3a
3 1 5 bx? b x? 5 5 1 7 bx? b x?
15aAppellFl| =, ~, 1, =, —, - ——| +2bx? [-AppellF1| =, =, 2, =, —, - — | +
2 3 2 a 3a 2 3 2 a 3a
5 4 7 bx? b x?
AppellFl[=, —, 1, —, —, - —| m/ (23e4a4 (a-bx?)*? (3a+bx2))
2 3 2 a 3a

Problem 141: Result unnecessarily involves higher level functions.

J ! dx
(-3a-bx?) (—a+bx2)1/3

Optimal (type 3, 252 leaves, 1step):

V3 Va [(-a)2-2'3 (~asb k)

V3 a ArcT
) ArcTan | o ] ) rcTan| T )
2 22343 (ca)iya b 2 22343 (-a)3va b
(7a>1/'3 b x
ArcTanh [ @] ArcTanh [ va <(,a)1/3+21/3 (-a+b Xz>1/3) }

a

6  22/3 (73)1/3\5\5 R 2 . 22/3 (—a)1/3\/;\/F
Result (type 6, 163 leaves):

1 1 3 bx? b x2
- ||9axAppellF1|~, =, 1, =, —, - —| /
23 20 a 3a
1 1 3 bx? b x2
((—aerxz)l/3 (3a+bx?) 9aAppellFl[~, =, 1, =, —, - — | +
2 3 2 a 3a
5 3 1 5 bx? b x? 3 4 5 bx? b x?2
2bx? [-AppellFl| =, =, 2, =, ——, - ——| +AppellF1[ =, —, 1, =, —, - —|
23 20 a 3a 2 3 2 a 3a

Problem 142: Result unnecessarily involves higher level functions.

J 1 dx
(3a-bx?) (a+bx2)1/3

Optimal (type 3, 202 leaves, 1step):
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b x
ArcTan | %] ArcTan | 2o (2122 (abx?) ) ]
_ n _
6  22/3 35/6 \/F 2 . 22/3 35/6 W
1/6 (41/3_51/3 +b x2 1/3
Ar‘cTanh[M] ArcTanh [ V3 a (a 27 (a0 ) )
b x B \/Fx
2 . 22/3 \EaS/s \/F 2 22/3 ﬁa5/6ﬁ

Result (type 6, 166 leaves):

1 1 3 bx2 bx?
9axAppellFl|~, =, 1, —, - ,—]/
2 3 2 a 3a
1 1 3 bx? bx?
((Babxz) (a+bx2)1/3 [9aAppe11F1[, =, o, -, — |+
2 3 2 a 3a
5 3 1 5 bx? bx? 3 4 5 bx? bx?
2bx? |AppellFl[~, =, 2, =, - ——, — | -AppellF1| =, —, 1, —, - ——, —|
2 3 2 a 3a 2 3 2 a 3a

Problem 143: Result unnecessarily involves higher level functions.

J ! dx
(c-dx?) (c+3dx2)1/3

Optimal (type 3, 204 leaves, 1step):

3 \/d 3 ArcTan 2 dx
ArcTan | L\E&] V3 [ e (20 (cr3an) ] ]
_ + _

2 . 22/3 \/? c5/6 \/? 2 22/3 5/6 \/?
1/6 (c1/3_21/3 (c.3dx2)Y/3

Ar‘cTanh[—\E} Ar‘cTanh[c (P2 [er3axt) )

v x® Vd x
2 . 22/3 (5/6 W 2 22/3 5/6 \/?

Result (type 6, 153 leaves):

1 1 3 3dx? dx?
3cxAppellFl[—, =, 1, =, - y —]
2 3 2 C C

/

1 1 3 3dx? dx?
((c—dxz) <c+3dx2)1/3 [BCAppellFl[—, =,1, =, - s |+
2 3 2 C C
, 3 1 5 3dx? dx? 3 4 5 3dx? dx?
2dx? [AppellFl][ =, =, 2, =, - , —| -AppellF1[ =, —, 1, =, - , —
2 3 2 C C 2 3 2 C C

Problem 144: Result unnecessarily involves higher level functions.

J ! dx
(a—bxz)l/3 (3a+bx?)

Optimal (type 3, 204 leaves, 1step):




Mathematica 11.3 Integration Test Results for 1.1.2.3 (a+b x~2)"p (c+d x~2)"q.nb | 43

ArcTan [ %E} ArcTan [ V3 ale (a2 (abt) )
X

+ Vb x -
2 . 22/3 \/?aS/sW 2 . 22/3 \/?aS/G \/F
b x
ArcTanh [ %} ArcTanh [ al/e (a¥/242V7 (a-b x2)1/3) ]
+
6  22/3 35/6 \/F 2 . 22/3 35/6 W

Result (type 6, 162 leaves):

1 3 x2 b x2
9axAppellFl|~, =, 1, =, —, - —| /
2 3 2 a 3a
1 1 3 bx? b x2
((abxz)l/3 (3a+bx?) [9aAppellFl|[—, =, 1, =, —, - — | +
2 3 2 a 3a
) 3 1 5 bx? b x? 3 4 5 bx? b x2
2bx? |-AppellFl|[ =, =, 2, =, ——, - —| +AppellF1[ =, —, 1, =, —, - —|
2 3 2 a 3a 2 3 2 a 3a

Problem 145: Result unnecessarily involves higher level functions.

J ! dx
(c—3dx2)1/3 (c+dx?)

Optimal (type 3, 204 leaves, 1step):
cl/e (cl//3—21/3 (c-3dx?) 1/3)

d x

ArcTan | —:ﬁi} ArcTan |
X

N _
2 . 22/3 (5/6 \/? 2 . 22/3 5/6 W
3 /d \/3 ArcTanh 3 vd X
ArcTanh | AL\\E&} + {Cl/s (202 (c-3axt) ) ]
2 22/3\/?C5/6\/? 2 22/3 CS/Gﬁ
Result (type 6, 156 leaves):
1 1 3 3dx? d x?
3cxAppellFl|—, =, 1, =, y -] /
2 3 2 c C
1 1 3 3dx? d x?
((C—3dx2)1/3 (c+dx?) |3cAppellF1[—, =, 1, —, s -+
2 3 2 C C
5 3 1 5 3dx? d x? 3 4 5 3dx? d x?
2dx? [-AppellFl| =, =, 2, =, , - —| +AppellF1][ =, —, 1, =, , - ]
2 3 2 C C 2 3 2 C C

Problem 146: Result unnecessarily involves higher level functions.

J(l—xz)l/13 (3+x?) o

Optimal (type 3, 113 leaves, 1step):
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NEN V3 (12 (1x) ) ArcTanh| ——*——
Ar‘cTan[ , ] X Ar‘cTan[ . i ArcTanh [X] . [1+21/3 (1-52) Y3 }
2 22/34/3 2 22343 6 223 2223

Result (type 6, 118leaves):

1103 , x
- | |9xAppellF1[ =, =, 1, =, x?, - —] /
2 3 2 3
1 1 3 x2
((1x2>1/3 (3+x2) |-9AppellF1[ =, =, 1, =, x*, - —] +
2 3 2 3
, 301 .5, x 304 5, %
2x? |AppellFl[ =, =, 2, =, x*, - —| -AppellF1[ =, —, 1, =, x*, - —]
2 3 2 2 3 2 3

Problem 147: Result unnecessarily involves higher level functions.

1
J(3—x2) <1+x2)1/3 >

Optimal (type 3, 109 leaves, 1step):

V3 (123 (102)"?)

ox
ArcTan [x] A"CTa”[hzl/g (hxz)l/s] Ar‘cTanh[ﬂ] ArcTanh |

X X
_ + _ _
6  22/3 2 2%3 2 223./3 2 22343
Result (type 6, 124 leaves):
1 1 3 , X2
- 9xAppe11F1[f, -1, —, -%x5, 7] /
23 2 3
11 3 x2
((—3+x2) (1+x2)1/3 [9Appe11F1[—, =1, =, =X, ]+
23 2 3
) 3.1 5 , X2 3 4 5 , X
2x? |AppellFl| =, =, 2, =, -x?, —| -AppellF1[=, —, 1, =, -x*, —|
23 2 3 23 2 3

Problem 148: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

3-X
J(1—x2)1/3 (3+x?) o

Optimal (type 3, 96 leaves, 1step):

2/3 (1.x)2/3
\/?Ar‘cTan[%— ﬁ)ﬂ_@] Log[3+x2] 3Log[2'? (1-x)"?+ (1+x)%?]
- +

22/3 2 22/3 2 22/3

Result (type 6, 203 leaves):
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1 1 3, x 1 3 2
9AppellFl[—, =, 1, =, x?, - —| / 9AppellFl| =, =, 1, =, x*, - —| +
2 3 2 3 2 2

3 X

1
3
2x? [—AppellFl[i, l, 2, =, x%, —ﬁ] +AppellF1[§, %, 1, 5, x2, —ﬁ})] +
1
3

2 3 3

5
)
2

1 , X2 , X2 5
x AppellF1[1, =, 1, 2, X3, - — / -6 AppellF1[1, =, 1, 2, x*, - —| +x
3 3 3

]

1 , X2 4 , X
2, =, 2,3,x% -—] -AppellFi[2, —, 1, 3, x*, - —|
3 3 3 3

AppellF1|

)]/((1—x2)1/3 (30x2))

Problem 149: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

3+ X
J dx
(1—x2)1/3 (3+x?)

Optimal (type 3, 95leaves, 1 step):

2/3 (1-x)2/3
\/?A”CTa”{f* 2@(1;)1/@] Log[3+x2] 3Log[(1-x)¥?+23 (14x)?]
. .

22/3 2 22/3 2 22/3

Result (type 6, 203 leaves):

1 1 3, x 1
3x | [9AppellF1[ =, =, 1, =, x?, - —| / 9 AppellF1[ —,
2 3 2 3 2

3
11)71)(:*7]*
2
2

5 3.1 , X 4 5 , X
2x? |-AppellF1[ =, =, 2, =, x*, - —| +AppellF1[ =, —, 1, =, x*, - — |||+
2 3 3 3 2

1
3
3

| v
N

]

2 2
—AppellFl{Z, 1, 2’ 3) XZ, _X—} +AppellF1[2, i, 1: 3: XZJ _X]]J]]/ ((1_
3 3 3

w|><NN

1
[xAppellFl[l, =,1, 2, X%, -
3

1
/ (6Appe11F1[1, =12, %0, -]
3

X2

3
x2)1/3 <3+x2)>

Problem 150: Result unnecessarily involves higher level functions.

1
J(a+bx2)1/3 (erdxz) o
b

Optimal (type 3, 151 leaves, 1step):

/ /3\2 / / 1/3
/B x 31/3—(a+bx2)1/3 V3 al/e (a1/3—<a+bxz) / )
\/'b ArcTan [ 3ﬁ] ) Vb Ar‘cTan[ R ) Vb Ar‘cTanh[ T x
12a°/6d 12a%6d 4+/3 a°/%d

Result (type 6, 169 leaves):
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1 1 3 b x2 b x2
27abxAppellF1[ =, =, 1, =, - —, - ]/
2 3 2 a 9a
1 1 3 b x2 b x2
(d (a+bx2)1/3 (9a+bx2) (27aAppellF1[—, =1, =, -—, ——] -
2 3 2 a 9a
5 3 1 5 b x2 b x2 3 4 5 b x?
2bx? |AppellF1[=, =, 2, =, - ——, - ——] +3AppellF1[=, —, 1, =, - —, - —]
2 3 2 a 9a 2 3 2 a

Problem 151: Result unnecessarily involves higher level functions.

1 dx
(afbxz)lﬁ' (—%+dx2)

Optimal (type 3, 153 leaves, 1step):

\/3 al/e (31/37 (a-bx?) 1/3)

Vb x a2 (abt) )"
) \/FAr‘cTan[ o } ) \/FAr‘cTanh[3ﬁ} ) \/FAr‘cTanh[ o
4+/3 a56d 12a°/%d 12a°/6d

Result (type 6, 167 leaves):

1 1 3 bx?* bx?
~||27abxappellFi[=, =, 1, =, =, =] /
2 3 2 a 9a
1 1 3 bx? bx?
(d (a—bxz)l/3 (9a-bx?) (27aAppellF1[, - 1, -, s |+
2 3 2 a 9a
5 3 1 5 bx? bx? 3 4 5 bx? bx?
2bx? |AppellFl][ =, =, 2, =, —, ——] +3AppellF1][ =, —, 1, =, —, ——
2 3 2 a 9a 2 3 2 a 9a

Problem 152: Result unnecessarily involves higher level functions.

1 dx
(—a+bx2>1/3 (—%erxz)

Optimal (type 3, 151 leaves, 1step):

\/3 al/e (al/"3+(—a+b x2>1//3) b x al//3+(—a+b Xz)l/3 z
b ArcT b ArcTanh b ArcTanh
Vb ArcTan| o ] ) /b ArcTan [Lgﬁ} ) Vb ArcTanh| e, ]
4-/3 a%6d 12a°/%d 12a°/¢d

Result (type 6, 168 leaves):

1 1 3 bx? bx?
~||27abxAppellF1[=, =, 1, =, —, —] /
2 3 2 a 9a
1 1 3 bx? bx?
(d (9a—bx2) (—a+bx2>1/3 [27aAppe11F1[, =1, =, —, 7} +
2 3 2 a 9a
5 3 1 5 bx*? bx? 3 4 5 bx? bx?
2bx AppellFl[—, =52, =, —, —] +3App911F1[—, -1, = — —
2 3 2 a 9a 2 3 2 a 9a
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Problem 153: Result unnecessarily involves higher level functions.

1
J\(—a—bx2>1/3 (m+dx2) o
b

Optimal (type 3, 153 leaves, 1step):
\/FAr‘cTan[@} WAr‘cTan[ML] Vb ArcTanh]|

/3 al/e (al/3+ (-a-bx?) 1/3)

3aY6+/b x Vb x
12 a5/6d 12 a%/6d 4+/3 ad/¢d
Result (type 6, 172leaves):
1 1 3 b x2 b x2
27abxAppellFl[~, =, 1, =, - ——, - —| /
2 3 2 a 9a
1 1 3 b x2 b x2
(d <—a—bx2)1/3 <9a+bx2) 27aAppe11F1[—, -1, = -—, *—} -
2 3 2 a 9a
) 3 1 5 b x2 b x2 3 4 5 b x2 b x2
2bx? |AppellFl[~, =, 2, =, - ——, - ——] +3AppellF1[~, —, 1, =, - ) - ]
2 3 2 a 9a 2 3 2 a 9a

Problem 154: Result unnecessarily involves higher level functions.

1 dx
(2+bX2)1/3 (%erxz)

Optimal (type 3, 151 leaves, 1step):

b ArcTan X b ArcTan
VB arctan[ 23] b
+

213 (2:bx2)Y3)* 25473 (22 (2:02)"7)

] \/FAr‘cTanh[

b
3+/2

3.2Y6+/b x Vb x
12 25/6 4 12 25/6d 4 25/6+/3 d
Result (type 6, 148 leaves):
1 1 3 b x2 b x2
_ 27beppellF1[f, -1, = -—, —7] /
273 2 2 18
1 1 3 b x? b x?
(d (2+bx2)*? (18 +bx?) |-27 AppellF1l[ =, =, 1, =, - —, - — ] +
2 3 2 18
5 3 1 5 b x2 b x2 3 4 5 b x2 b x2
bx? |AppellF1[ =, =, 2, =, - ——, - — | +3AppellF1[ =, —, 1, =, - —, - —|
2 3 2 2 18 2 3 2 2 18

Problem 155: Result unnecessarily involves higher level functions.

! dx
(—2+bx2>1/3 (—%erxz)

Optimal (type 3, 147 leaves, 1step):
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253 (2134 (-2+b %)) b x 2134 (~2:bx2)¥3)”
b ArcT b ArcTanh b ArcTanh
Vb Arc an| o ] ) /b ArcTan [BW} ) \/b ArcTan [ T T ]
4 2563 d 12 2564 12 2564

Result (type 6, 148 leaves):

1 1 3 bx?> bx?
27bxAppellFl[ =, =, 1, =, —, —| /
273 270 2 18
1 1 3 bx? bx?
(d (-18+bx?) (-2+bx2)*? [27Appe11F1[—, =1, 5, —, — ]+
23 20 2 18
5 3 1 5 bx?® bx? 3 4 bx? bx?
bx? |AppellF1[ =, =, 2, =, ——, ——| +3AppellF1[~, —, 1, =, —, —|
273 27 2 18 2 3 2 18

Problem 156: Result unnecessarily involves higher level functions.

| ! ax
(2+3x2)*? (6d+dx?)

Optimal (type 3, 123 leaves, 1step):

213 (243%2) Y3 2

x 216 (13- (243x2) ")
ArcTan | ﬁ] ArcTan | T ) ArcTanh | -
4 256./3d 4. 25/6+/3 d 4 2°¢d
Result (type 6, 136 leaves):
1 1 3 3x2 x?
- 9xAppe11F1[—, -1, = -, ——] /
2 3 2 2 6

(d (6+x%) (2+3x2)%° —9AppellF1[1, 1, 1, -
273

3 x2 x?
>~ - —| +3AppellF1]|

5 3
X2 2 el
2 2 6 2

3 1
AppellFl[ =, =, 2,
2 3

Problem 157: Result unnecessarily involves higher level functions.

1
J _ 2\1/3 [ 2 dx
(2-3x2)"7% (-6d+dx?)

Optimal (type 3, 123 leaves, 1step):

21/6 (21,/37 (273 Xz) 1/3) 21/3_ (2_3 Xz) 1/3)\2

X
ArcTan [ . ] ArcTanh [ = ] ArcTanh [ 2T
- - +
4. 2%°%d 4 25/6+/3 d 4. 256+/3d

Result (type 6, 136 leaves):
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1 1 3 3x%2 x?
9xAppe11F1[f, =1, = —, *] /
2 3 2 2 6
1 1 3 3x2 x?
(d (2—3x2)1/3 (-6+x%) (9AppellF1{—, =1, =, Y, =]+
2 3 2 2 6
5 3 1 5 3x2 x? 3 4 5 3x%2 x?
x? |AppellF1[ =, =, 2, =, =——, —| +3AppellF1[~, —, 1, =, —, —|
2 3 2 2 6 2 3 2 2 6

Problem 158: Result unnecessarily involves higher level functions.

J ! dx
<72+3X2)1/3 <76d+dX2>

Optimal (type 3, 119leaves, 1step):

p /312
216 (2134 (-243x2) Y3 x 234 (243 %2)"?
ArcTan| ( - )] ) ArcTanh[ﬁ] ) ArcTanh | o T ]
4 2°6d 4 256+/3 d 4 256+/3 d
Result (type 6, 136 leaves):
1 1 3 3x2 x?
9xAppellFl[=, =, 1, =, —, —] /
2 3 27 2 6
1 1 3 3x2 x?
(d (-6+x%) (-2+3x2)"? [9Appe11F1[—, =1, =, =, =]+
2 3 2 2 6
5 3.1 5 3x? x? 3 4 5 3x* x?
x? |AppellF1[ =, =, 2, =, =, —| +3AppellF1[ =, —, 1, =, » — ]
2 3 2 2 6 2 3 2 2 6

Problem 159: Result unnecessarily involves higher level functions.

J 1 dx
(—2—3x2)1/3 (6d+dx2)

Optimal (type 3, 119leaves, 1step):

7 ArcTan [ ﬁ} 7 Ar‘cTan{ 2 73 x } ) Ar‘cTanh{ , ]
4 25643 d 4 25643 d 4.256d

Result (type 6, 136 leaves):

|

3

1 1 3 3 x2 x2
9xAppellFl[—, —, 1, =, - ——, - —
273 2 2

-
—

6
S\ 1/3 5 11 3 3x2 X2
d(-2-3x2)"7 (6+x?) |-9AppellF1[ =, —, 1, =, - ——, - —| +
2 3 2 2 6
5 3 1 5 3 x2 X2 3 4 5 3 x2 X2
x? |AppellF1[=, =, 2, =, - ~——, - —] +3AppellF1| =, —, 1, =, - —, - —]
2 3 2 2 6 2 3 2 2 6
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Problem 160: Result unnecessarily involves higher level functions.

J(1+x2)1/13 (9+x?) o

Optimal (type 3, 70leaves, 1 step):

1 N 1 (17 (1+x2)1/3)2 Ar‘cTanh[ﬁ - (1) 2
—ArcTan| =] + — ArcTan| | - X
12 37 12 3 x 43
Result (type 6, 124 leaves):
101 3, %
_( 27 x AppellFl[—, =, 1, =, -x?, - —] /
2 3 2 9
2
((1+x2>1/3 (9+x2) —27Appe11F1[£, 1, 1, z, -x2, —X—] +
2 3 2 9

3 1 5 x2 3 4 5 x2
2x? |AppellFl[ =, =, 2, =, -x?, - —] +3AppellF1[~, —, 1, =, -x?, - —| ]])
23 2 9 23 2 9
Problem 161: Result unnecessarily involves higher level functions.
1
J dx
(1+bx2)1/3 (9+bx2)
Optimal (type 3, 104 leaves, 1step):
§ 1-(1:bx2)¥3)” V3 (1-(1+bx2)3
Ar‘cTan[%} ) ArcTan | o ] ) ArcTanh| o ]
12/b 12+/b 4~/3 /b
Result (type 6, 137 leaves):
1 1 3 b x?
—( 27 x AppellF1|—, =, 1, =, -bx?, - —] /
23 2 9
11 2
((1+bx2>1/3 (9+bx?) [-27AppellF1[—, =, 1, i, ~bx?, _bx ] +
273 2 9
3 1 5 b x? 3 4 5 b x?
2bx? |AppellFl[ =, =, 2, =, -bx?, - ——| +3AppellFi[ =, —, 1, =, -bx?, -—}J])]
273 2 9 2" 3 2 9

Problem 162: Result unnecessarily involves higher level functions.

o™

Optimal (type 3, 74 leaves, 1 step):
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1-(1-x2)Y?
Ar‘cTan[ (1) 1 X 1 (17 (17)(2)1/3)2
X
+ — ArcTanh|[ =] - — ArcTanh| ]
a3 12 37 12 3x
Result (type 6, 125leaves):
1 —1+x\V3 14+x \1/3 2 1 5 4 2
( ) ( AppellFl[f, R y - -
4(1,)(2)1/3 -3+x -3+X 3 3 3 3 -3+x -3+X
1+ x\1/3 14+x)\1/3 2 1 1 5 2 4
[ ( AppellFl[—, T T T )
3+X 3+X 3 3 3 3 3+x 3+X

Problem 163: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2)3/2x/c+dx2 dx

Optimal (type 4, 328 leaves, 6 steps):

(7ac—2':jicz+%)x\/m 2 (bc-3ad)xVa+bx* Vcrdx? bxva+bx? (c+dx?)??
15/CrdxE 7 15 d ’ 5 d '

(\/? (2b®c®*-7abcd-3a%d*) \Ja+bx? EllipticE[Ar‘cTan[\/\/(T_X],lb—;] /

s a

M /C+dX2 _

a(c+dx?)

15 b d3/?

val

c*? (bc-9ad) Va+bx? EllipticF[Ar‘cTan[%], 1- 27
C

15d3/2 | <l g

a (c+dx?)

Result (type 4, 243 leaves):

b dx (a+bx?) (c+dx*) (6ad+b (c+3dx?)) -
a

; 2 2 2 42 b x? dx? s . . b ad
ic(-2b*c*>+7abcd+3a’d?) [1+ 1+ EllipticE[i ArcSinh|[ | = x], —] -
a c a bc

2ic(b*c*-4abcd+3a*d*) |1+

b x? d x? L , . b ad
1+ ElllpthF[n Ar‘cSmh[ — x], 7} /
a C a bc

15 |2 d@\farbxt \Jcrdx?
a
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Problem 164: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2 \/c+dx2 dx

Optimal (type 4, 249 leaves, 5 steps):

bc+ad Va+bx?

( cre >X 2 . +fx\/a+bx \/c+dx
3b+vc+dx? 3

Ve (bc+ad) Va+bx? EllipticE| Ar‘cTan[L}, 1- 5]

N ad
3b+/d l:?z; Ve+rdx?

2c32+/a+bx? EllipticF[ArcTan| L] ,1-5<]

3+/d ,ca+:x2 Ve +dx?
a(cC

Result (type 4, 198 leaves):

|2 dx (asbx?) (cedxd) -

a
b x2 d x? L . . b ad

c(bc+ad) [1+ 1+ EllipticE[i ArcSinh[ | = x], —] -
a c a bc
b x? d x? L ) . b ad

c(—bc+ad)\/1+ \/1+ EllipticF[i ArcSinh| —x],—]/
a C a bc

b

3 —d\/a+bx2 \/c+dx2

\/a

Problem 166: Result unnecessarily involves imaginary or complex numbers.
j Ve+dx?
(

a+bx2)3/2

dx

Optimal (type 4, 84 leaves, 1step):
Ve +dx? EllipticE[ArcTan| %] 1- 24

o]

rrm a (c+dx?)

c a+bx)

Result (type 4, 133 leaves):
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5 1 b x2 d x? o , . b ad
X (c+dx?) + ic |1+ 1+ EllipticE[i ArcSinh|[ | = x], bi} -
c a c

EllipticF[i ArcSinh| b x|, Zfd} /(a\/a+bx2 \/c+dX2
a c

Problem 167: Result unnecessarily involves imaginary or complex numbers.
J Ve+dx? dx
(a+bx?)%?
Optimal (type 4, 237 leaves, 4 steps):
SN (2bc-ad) Vec+dx? EllipticE[Ar‘cTan[%}, 1-24]

a bc

3a (a+bx2>3/2

3a3‘”2\/F(bc—ad)\/a+bx2 a(cdx)

c (a+bx?)

c32+/d Va+bx2 EllipticF[Ar‘cTan[%], 1- b—c]
c

ad

3a% (bc-ad) clabx) ST gx2

a (c+dx?)

Result (type 4, 243 leaves):

b X (c+dx?) (2a*d-2b*cx*+ab (-3c+dx?)) +
\ a

. ) b x2 d x? L ) . b ad

ic(-2bc+ad) (a+bx?) [1+ 1+ EllipticE[i ArcSinh|[ | = x], —] -
a C a bc

. b x? d x? L ] . b ad

2ic(-bc+ad) (a+bx2)\/1+ \/1+ EllipticF[i ArcSinh[ [ = x|, —] /

a c a bc




54 | Mathematica 11.3 Integration Test Results for 1.1.2.3 (a+b x~2)"p (c+d x~2)"q.nb

Problem 168: Result unnecessarily involves imaginary or complex numbers.
J Ve+dx?
<

)7/2

dx
a+bx?

Optimal (type 4, 309 leaves, 5steps):
x\c+dx? (4bc—3ad)xx/c+dx2
N

.
5a (a+bx2>5/2 15 a2 (bc—ad) (a+bx2)3/2

((8b2c213abcd+3a2d2> \Je+dx? EllipticE[ArcTan[\Cb_X}, 12})/

c+dx2
15a5/2V_ bc—ad 2./a+bx? -

a+bx2)

2c¢32+/d (2bc—3ad) Va+bx? EllipticF[ArcTan[@}, 1- bfc}

e ad

15 a3 (bc—ad)2 SILELL SR

a (c+dx?)

Result (type 4, 285 leaves):
1

15a3\/E (bc—ad)2 (a+bx2)5/2\/c+dx2

b x(c+dx2) (3a2 (bc—ad)2+a (—bc+ad) (—4bc+3ad) (a+bx2) +
\fa

b x2

(8b2c2—13abcd+3a2d2) (a+bx2)2) +ic (a+bx2>2 1+
a

2
1. 4 (8b2c*-13abcd+3a”*d®) EllipticE|i ArcSinh| /E x|, ﬂ} +
a

bc

ad

(-8b>c?+17abcd-9a®d?) EllipticF|i ArcSinh| /E x|, —]
a

bc

Problem 169: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2)3’/2 <c+dx2)3/2dlx

Optimal (type 4, 410leaves, 7 steps):
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2 (bc+ad) (b2c2—6abcd+a2d2)X\/a+bx2 1 bc2 2a2d
- +(9ac+ - x\/a+bx2 \/c+dx2+
35b2d+/c+dx2 35 d b
2 (4bc-ad) x (a+bx?)*?/crdx? dx (a+bx?)*?Vc+dx?
+ +
35b 7b
2 2 2 12 2 .. Vd x bc
2\E<bc+ad) (b 76abcd+ad)xla+bx ElllpthE[ArcTan[\F],l—fd] /
c a

M /C+dX2 _

a (c+dx?)

35 bZ d3/2

(c”z (bz c?>-18abcd + a? dz) vJa+bx? EllipticF[Ar‘cTan[\/\/d:X], 1- b_c]

35 b d3/?

Result (type 4, 302 leaves):
1

35b lg d2Va+bx? Vc+dx?

b dx (a+bx?) (c+dx®) (a®d®+abd (17c+8dx*) +b*> (c>+8cdx®*+5d*x*)) +
a

b x? d x?
1+
a C

2ic(b*c*-5ab’c?d-5a’bcd*+a’d®) [1+

. _ ) b ad
ElllpthE[]l Ar‘cSmh[ - x], —

|-ic (2b°c®-11ab>c®d+8a’bcd+a’d?)
a bc

b x2 d x? L . . b ad
1+ EllipticF[i ArcSinh| | = x], —
a C a bc

1+

]

Problem 170: Result unnecessarily involves imaginary or complex numbers.
Jw/a+bx2 (c+dx2)3/2dlx

Optimal (type 4, 336 leaves, 6 steps):
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(3b2c2+7abcd—2a2d2>xx/a+bx2

+

15b%/c +d x?
2 (3bc-ad)xVa+bx? Vcrdx? dx(a+bx?)??Vc+dx?
N _
15b 5b
s Vd x bc
Ve (3b*c?+7abcd-2a?d?) \/a+bx® EllipticE[ArcTan] ],1—*]/
N3 ad
c (a+bx?)
15b2+/d | ——F Jc+dx® |+
a(c+dx?)
c*2 (9bc-ad) Va+bx? EllipticF] Ar'cTan[L], 1- 2—;}
C
15b\/_/:j*z; Verdx?
Result (type 4, 246 leaves):
de(a+bx2) (c+dx?) (6bc+ad+3bdx?) +
a
2 2
c(-3b>c?-7abcd+2a*d?) 1+bX 1+dX EllipticE[i ArcSinh| Ex],z—d]—
a c a c

b x2 d x? b ad
jc(—3b2c2+2abcd+a2d2)\/1+ \/1+ EllipticF[i ArcSinh[ [ = x|, —] /
a c a bc

156 |2 drfarbx® \fcedn
a

Problem 171: Result unnecessarily involves imaginary or complex numbers.

J (c+dx?)®?
Vva+bx?
Optimal (type 4, 273 leaves, 5steps):

dx
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2d (2bc-ad) xVa+bx* dx+va+bx? Vc+dx?
+

3b2+/c+dx? 3b
Z\E\H(Zbc—ad) Va+bx? EllipticE[Ar‘cTan[@},l—L‘]
NI ad

3p2 [l g

a (c+dx?)

c*2 (3bc-ad) Va+bx?* EllipticF| Ar‘cTan[L], 1-5¢]

Ve ad
b
3ab+/d | <Xl o gx?
a (c+d x?)

Result (type 4, 199 leaves):

b dx (a+bx?) (c+dx2) +
a

, b x? d x? L . . b ad
2ic(-2bc+ad) |1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] -
a c a bc

b x? d x? L . . b ad
c(-bc+ad) |1+ 1+ EllipticF[i ArcSinh| —x],—]/

a C a bc

b\/?\/aerx2 \/c+dx2
a

Problem 172: Result unnecessarily involves imaginary or complex numbers.

(c+dx2)3/2

Jidlx
(a+bx2)3/2

Optimal (type 4, 267 leaves, 5 steps):
d(bc-2ad)xVa+bx? (bc-ad) xVec+dx?

+ +
ab2\/c+dx® abva+bx?
Ve /d (bc-2ad) mEllipticE[Ar‘cTan[%}, 1_:_;}
C

+

¢ (ashx?)
ab? | <leXl g

a (c+dx?)

c32+/d VJa+bx2 EllipticF[Ar‘cTan[%], 1- bfc]
C

ad

c (arbx?)
ab | SlaXl gy

a (c+dx?)

| 57
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Result (type 4, 191 leaves):

) b x2 d x? L . . b ad
-ic(-bc+2ad) \/1+ \/1+ EllipticE[iArcSinh| | = x|, —] +
a [ a bc
b . b x2 d x?2 . . ) . b ad
(bc-ad) — x(c+dx?)-ic [1+ 1+ EllipticF[i ArcSinh[ | = x|, —] /
a a C a bc

(az (9)3/2\/a+bx2 \/c+dx2
a

Problem 173: Result unnecessarily involves imaginary or complex numbers.

d x2)32
j&dx

(a+bx2)52

Optimal (type 4, 229 leaves, 4 steps):
(bc-ad) xVerdx@ 2 (bc+ad) Vec+dx? EllipticE[Ar‘cTan[@}, 1-24]

/a bc
+ _

2\3/2
3ab (a+bx?) 32320323 b | 2ledx)

c (a+bx?)

c2+/d v/a+bx? EllipticF[ArcTan| drx
C

3a2p | SlbXl SN

a (c+dx?)

Result (type 4, 232leaves):

Ex(c+dx2> (a*d+2b*cx*+ab (3c+2dx?)) +
\[ a
, b x2 d x? L _ . b ad
2ic(bc+ad) (a+bx? \/ \/ [iArcSinh| [ = x|, —] -
C a bc
b x? d x? L . . b ad
c(2bc+ad) (a+bx? \/ \/ [i ArcSinh]| —x],—]/
C a bc

b\ 3/2
(3a3(—) a+bx 3/2«/c+dx

a
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Problem 174: Result unnecessarily involves imaginary or complex numbers.

dx

J(c+dx2)3/2

(a+bx2)7/2

Optimal (type 4, 315leaves, 5 steps):
(bc-ad) xVc+dx? 2(2bc+ad)xVc+dx?
+

5ab(a+bx2>5/2 15a2b(a+bx2)3/2

{(8b2c23abcd 2a%d?) \Jc+dx? ElllpthE[Ar‘cTan[\/FX],1—*]

2
15a5/2b3/2 x/a+bx c+dx
a+bx2

c2+/d (4bc-ad) Va+bx? EllipticF[ArcTan| r ], 1-2¢]

+

15a*b (bc-ad) clabx) ST a2

a (c+dx?)

Result (type 4, 285leaves):

\/Ex(c+dx2>

(3a2 (bc—ad)2+2a (bc—ad) (2bc+ad) (a+bx2)+(8b2 2—3abcd—2a2d2) (a+bx2)2)—

b x? d x?
Jic(a+bx2)2\/1+ \/1+
a C
ad

(-8b>c?+3abcd+2a?d?) E1lipticE|i ArcSinh| /E x|, —]+
a

bc

(8b>c*-7abcd-a’d?) E1lipticF|i ArcSinh| b x|, Z—d] /
\ a c
b\ 3/2 o
(15a4[—] (bc-ad) (a+bx*)> +/c+dx?

a

Problem 175: Result unnecessarily involves imaginary or complex numbers.
j\/2+bx2 \/3+dx2 dx

Optimal (type 4, 235leaves, 5steps):
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(3b+2d) xV2+bx?
+7x\/2 b x2 \/3 d x?
3b/3+dx? 3

V2 (3b+2d) V2+bx? EllipticE[ArcTan[¥Y9X], 1 22|
/3

3b+/d [ 22€ \/3.dx?

2+/2 V2 +bx? ElllpthF[Ar‘cTan[L} 1-32]

NN NPT

Result (type 4, 127 leaves):

: [\/Fdx\/%bxz J3+dx® —i+/3 (3b+24) EllipticE[iArcsinh[Wx], Q} "
i3 (3b-24) EllipticF[jArcSinh[Wx], ﬂ]
J2 o 3b

Problem 188: Result unnecessarily involves imaginary or complex numbers.
J\/lx2
ik

Optimal (type 4, 13leaves, 4 steps):
-E1llipticE[ArcSin[x], -1] + 2 E1lipticF [ArcSin[x], -1]

dx

Result (type 4, 12leaves):
-1 EllipticE[1 ArcSinh[x], -1]

Problem 189: Result unnecessarily involves imaginary or complex numbers.
1-x2
Ji dx
V2+3x2
Optimal (type 4, 31leaves, 3 steps):
5EllipticF [Ar‘csin [X], - %]

2 EllipticE [Ar‘cSin [x], -

3.
2 342
Result (type 4, 27 leaves):

i E1lipticE[i ArcSinh]| 3 x|, —%]

V3
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Problem 190: Result unnecessarily involves imaginary or complex numbers.
4 -x?
Ji dx
V2+3x2
Optimal (type 4, 35leaves, 3 steps):

NG E11ipticE [ArcSin| ], -6] + Z\EEllipticF[Ar‘cSin[i], -6]
3 2 3 2

Result (type 4, 27 leaves):

2 EllipticE[i Ar‘cSinh[\/? x|, - é]
_ 5

Problem 191: Result unnecessarily involves imaginary or complex numbers.

J\/1—4x2
V2 +3x2

Optimal (type 4, 35leaves, 3 steps):

dx

2 L . 3. 11EllipticF[ArcSin[2x], - 7]
-—2 E111pt1cE[Ar‘c51n[2 x], 7_] i
3

8 62

Result (type 4, 27 leaves):

i EllipticE[i Ar‘cSinh[\/? x|, —%]
7 V5

Problem 192: Result unnecessarily involves imaginary or complex numbers.

J\/1+X2
V2+3x2

Optimal (type 4, 131 leaves, 4 steps):

dx

x\V2:3x2 V2 V2+3x? EllipticE[Ar‘cTan[x}, —%] V2+3x2 EllipticF[Ar‘cTan[x], —i]
- +
341+ x?

14x2 14x2

Result (type 4, 27 leaves):

i E1lipticE [fL ArcSinh [ﬁ x] , ﬂ

V3
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Problem 193: Result unnecessarily involves imaginary or complex numbers.
Vi x?

e

Optimal (type 4, 136 leaves, 4 steps):

dx

xV2:3x V2 V2+3x* EllipticE[ArcTan[X], -5]
34+ x?

+

44x2

2v/2 V2+3x? EllipticF[ArcTan[X], -5]

/4+X2 2+3x2

Result (type 4, 27 leaves):

2 i EllipticE[i Ar‘cSinh[\/g x|, i}

V3

Problem 194: Result unnecessarily involves imaginary or complex numbers.

J\/1+4x2
V2+3x2

Optimal (type 4, 148 leaves, 4 steps):

dx

ax2:3x 22 V2+3x? EllipticE[ArcTan[2x], 2| V/2+3x* EllipticF[ArcTan(2x], ?]

+

3V1+4x?
3 222 e 232 [ 235 Jiiax?

Result (type 4, 27 leaves):

i EllipticE (i Ar‘cSinh[ﬁ x|, 3}

_ J3

Problem 196: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2)7/2
Vve+dx?

Optimal (type 4, 423 leaves, 7 steps):

dx
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8 (bc—Zad) (6b2c2—11abcd+11a2d2) x+a+bx2

+

105d3/c+dx?
b(24b>c2-71abcd+71a%d?) xa+bx? /c+dx?
105 d3 )
6b<bc—2ad)x(a+bx2>3/2m bx(a+bx2)5/2\m
35 d? : 7d :

8+/c (bc-2ad) (6b>c*-11abcd+11a*d*) \/a+bx? EllipticE[Ar‘cTan[\/\/?_X}, 1—b—:}J/
c a

¢ (a+bx?) (e d

a (c+dx2)

105 d’/?

(\/? (3bc-7ad) (8b° 2—11abcd+15a2d2>\/mEllipticF[Ar‘cTan[\/\/?_X},1—b—:}J/
C a

105 d7/2

Result (type 4, 321 leaves):
1

105 /g d*Va+bx2 Vc+dx?

b b d x (a+bx2) (c+dx2) (122a2d2+abd (-89c+66dx2) +3b? (8c2-6cdx2+5d2x4)) -
a

8ibc (—6b3c3+23abzczd—33a2bcd2+22a3d3)

b x2 d x? L . . b ad
1+ EllipticE[i ArcSinh| | = x], —
a C a bc

1+

] _

i (48b4c4—208ab3c3d+353a2b2c2d2—298a3bcd3+105a4d4)

b x? d x? L . . b ad
1+ ElllpthF[Jl Ar‘cSmh[ - x} y —
a C a bc

1+

]

Problem 197: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2)5/2
Ve +dx?

Optimal (type 4, 344 leaves, 6 steps):

dx
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(8b2c2—23abcd+23a2d2) x+va+bx?

15 d? /¢ + d x?
4b<bc—2ad)xx/a+bx2 e+ dx? bx(a+bx2)3/2\/c+dx2
N ,
15 d? 5d
d b
{\/? (8b>c*-23abcd+23a%d?) \Ja+bx? EllipticE[ArcTan[rx],1——C]/
C ad
c (a+bx?
15 d>/2 gﬂc+dx2 +
a(c+dx2)
d b
\/c_(4b2c2—11abcd+15a2d2) v/ a+bx? EllipticF{Ar‘cTan{\/—X],l—c]/
Nrs ad
15d5/2
Result (type 4, 260 leaves):
b
b | — dx<a+bx2) (c+dx2) (—4bc+11ad+3bdx2)—
a
b x2 d x? b d
ibc (8b*c®-23abcd+23a*d®) |1+ SN EllipticE[i ArcSinh| —x],a—}f
a @ a bc
b 2 d 2
i(-8b*c*+27ab*c*d-34a*bcd*+15a°d’) |1+ X 14+ 2%
a c

EllipticF[i ArcSinh| b x|, Zi} / 15 b d3\/a+bx2 \/c+dx2
a c a

Problem 198: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)3/2
Vve+dx?

Optimal (type 4, 260 leaves, 5steps):
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2(bc-2ad)xVa+bx? bx+va+bx? Vc+dx2

_ . N
3dVc+dx? 3d
2+/c (bc-2ad) \/mEllipticE[Ar‘cTan[%}, 1- Z—;]

3g3/2 [ clabx) \/c+dx2

a (c+dx?)

Ve (bc-3ad) Va+bx? EllipticF[Ar‘cTan[l@}, 1-5¢]

Nra ad

c (asbx?)
3g3/2 [ clabX) fTNe

a (c+dx?)

Result (type 4, 216 leaves):

b b dx (a+bx*) (c+dx?) -
a

, b x2 d x? L . . b ad
2ibc(-bc+2ad) [1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] -

a C a bc
b x? d x? b ad
i(2b2c2—5abcd+3a2d2>\/1+ \/1+ EllipticF[i ArcSinh|[ | = x|, —] /
a C a bc

3 b dz\/a+bx2 \/c+dx2
a

Problem 202: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2)5/2\/c+dx2
Optimal (type 4, 255 leaves, 4 steps):
bxcrdx? 2/b (bc—Zad) Ve+dx? EllipticE[Ar‘cTan[%], 1—%]

N
3/2
a(bc—ad) <a+bx2) 3 33/2 (bcfad)z\/m afcrdx)

c (a+bx?)

ad

Ve d (bc-3ad) Va+bx? EllipticF[Ar‘cTan[%}, 1-5<]
C

3 a2 (bc—ad)2 clabe]  J gy

a (c+dx?)

Result (type 4, 261 leaves):
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b |2 x(cedx?) (-5a2d+2b2cx rab (3c-4dx)) -
a
) b x2 d x? L ) . b ad
2ibc(-bc+2ad) (a+bx?) [1+ 1+ EllipticE[i ArcSinh[ | = x|, —] -
a c a bc

2 2
i(2b2c2—5abcd+3a2d2> (a+bx2)\/1+bx \/1+dx

a C

EllipticF|i ArcSinh| /E x|, E} /[332 E (bc—ad)2<a+bx2)3/2 c+dx?

Problem 203: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2)7/2\/c+dx2

Optimal (type 4, 334 leaves, 5steps):
bx+/c+dx? 4b(bc-2ad) xVc+dx?

5a(bc-ad) (a+bx2)5/2 15 a2 (bc—ad)2 (a+bx2)3’/2

+

(\/F (8b>c*-23abcd+23a%d?) \/c+dx? EllipticE{Ar‘cTan[\/F

Ja bc
3 a(c+dx?)
15a5/2(bc—ad) \Ja+bx? _
C (a+bx2>

(\/c_\/d_(4b2c2—11abcd+15a2d2) \/a+bx? EllipticF[ArcTan[\/\/?_X], 1——d]
C a

/

b 2
15 a3 (bc—ad)3 c(a+x; A/ c+dx?

a(c+dx2

Result (type 4, 301 leaves):
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b b x(c+dx2) (3a2 (bc—ad>2+4a (bc—Zad) (bc—ad) (a+bx2)+
a

(8b*>c®*-23abcd+23a*d?) (a+bx2)2) +i <a+bx2)2

bc (8b*c?-23abcd+23a%d?) EllipticE[i ArcSinh| ° x|, b—} +
a c

b ad
(-8b*>c®+27ab>c*d-34a’bcd*+15a° d®) E1lipticF[iArcSinh|[ | — x|, —
a bc

]

Problem 204: Result unnecessarily involves imaginary or complex numbers.

b 2\7/2
J(a+ x) x

(c+dx2)3/2

Optimal (type 4, 445leaves, 7 steps):
(48b3c3—128ab2c2d+103a2bcd2—15a3d3) x+a+bx? (bc-ad) x (a+bx2)5/2

15cd3Vc+dx? cdvVc+dx?
b(24b2c2—43abcd+15a2d2)xx/a+bx2 e+ dx? b(6bc—5ad)x(a+bx2)3/2\/c+dx2
. _
15cd? 5 c d?
d x bc
(48b>c®-128ab’>c*d+103a’bcd*-15a°d®) \Ja+bx? EllipticE[Ar‘cTan[\/— },1_—}/
Nr ad

M 'C+dX2 +

a (c+dx2)

15+/c d’/?

{b\ﬁ (24b2 c>-6labcd+45a? dz) \Ja+bx? EllipticF[Ar‘cTan[

15 d7/2

Result (type 4, 318 leaves):
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1

15 |2 cd*Va+bx® Vec+dx?

a

b dx(a+bx2) (—45a2bcd2+15a3d3+ab2cd(61c+16dx2)—3b3c(8c2+2cdx2—d2x4))+
a

. 3.3 2 2 2 2 343 b x? dx?
ibc (-48b°c®+128ab*c*d-103a’bcd®+15a°d>) |1+ 1+
a d
s . . b ad . 3 3 2 2 2 2 3.3
E111pt1cE[1Ar‘c51nh[ - x], 7} +41ibc (12b c®>-38ab“c"d+41la“bcd“-15a d)
a bc
b x? d x? L . ) b ad
1+ 1+ ElllpthF[JlAr‘CSIHh[ - x}, 7]
a C a bc

Problem 205: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)5/2

(c+dx2)3/2

Optimal (type 4, 346 leaves, 6 steps):
(8b?c?-13abcd+3a?d?) xVa+bx?

3cd*>Ve+dx?
(bc-ad)x (a+bx?)*? b (abc-3ad)xVa+bx? /c+dx?
+ +
cdVec+dx? 3cd?

Vd x

/e Ll-Z—Z}J/

(8b*c*-13abcd+3a”d?) +/a+bx* EllipticE|ArcTan|

M /C+dX2 _

a (c+dx2>

3/C a2

2b+/c (2bc-3ad) Va+bx? EllipticF[ArcTan[¥9x], 1 b¢]

A/ c ad

352 [ clabe) o

a (c+dx?)

Result (type 4, 256 leaves):
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de(a+bx2) (—6abcd+3a2d2+b2c(4c+dx2))+

a
2 2

ibc(8b2c2-13abcds3a’d?) (125 [1. E1lipticE[i ArcSinh| E><},Zfd]—
a c a c

2 2
ibc(8b2c2-17abcd-9a2d?) |1+ 20 1.9 Elliptick[iArcsinh] Ex},ﬂ]/

3 b cd?’\/a+bx2 \/c+dx2
a

Problem 206: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)3/2

(c +d XZ) 3/2

Optimal (type 4, 258 leaves, 5steps):
(bc-ad)xVa+bx* (2bc-ad)xVa+bx?

+ —

cdvec+dx? cdvVc+dx?
. . +/d bc
(2bc-ad) Va+bx? EllipticE|[ArcTan| WX}, 1-27]
.
e gz | lebxX) a*zxz Verdx?
a|(c X

b/c Va+bx? EllipticF[Ar‘cTan[%}, 1- bfc}
C

c (arbx?)
@32 [ labXl ST e

a (c+dx?)

Result (type 4, 196 leaves):

b x2 d x? L. ) . b ad
1+ EllipticE[iArcSinh| | = x|, —] + (-bc+ad)
a C a bc

Jibc(—zbc+ad) 1+

b 5 , b x? d x? L . . b ad
— dx(a+bx?*)-2ibc [1+ 1+ EllipticF[i ArcSinh|[ | = x|, —] /
a a c a bc

b cdz\/a+bx2 \/c+dx2
a
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Problem 207: Result unnecessarily involves imaginary or complex numbers.
J va+bx?
<

)3/2

dx
c +dx?

Optimal (type 4, 84 leaves, 1step):
Va+bx? EllipticE [Ar‘cTan [ 3%] , 1- bfc]

ad
e Ad IZJ(%)L Ve +dx?

Result (type 4, 136 leaves):

x (a+bx?) 1 b b x2 d x2 o . b ad
——— L, Zia | — [1+ 1+ EllipticE[iArcSinh|[ | = x|, —] -
C d a a C a bc

EllipticF[i ArcSinh| b x|, Z—d} /(\/a+bx2 \/c+dx2)
\/ a c

Problem 209: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(a+bx2)3/2 (c+dx2>3/2

Optimal (type 4, 242 leaves, 4 steps):
bx \d (bc+ad) Va+bx? EllipticE[Ar‘cTan[l@}, 17b—c}

AJc ad
+ _

avc (bc—ad)2 ¢ (atbx?) Ve+dx?

a (c+dx?)

a(bc-ad) Va+rbx? Vecrdx?

ad

2b+/c v/d Va+bx? EllipticF[Ar‘cTan[%}, 1—LC}
C

a (bc—ad)2 clabx) STy

a (c+dx?)

Result (type 4, 224 leaves):
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E Ex(a2d2+abd2x2+b2c(c+dx2))+
a |\| a
. x? d x? . . b ad
1bc(bc+ad)\/1+ \/1+ EllipticE[i ArcSinh|[ | = x], —] +
a c a bc
) b x?2 d x2 L , . b ad
1bc(—bc+ad)\/1+ \/1+ EllipticF[i ArcSinh[ [ = x|, —] /
a c a bc

(bc(bc—ad)z\/aerx2 \/c+dx2)

Problem 210: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(a+bx2)5/2 (c+dx2>3/2

Optimal (type 4, 323 leaves, 5steps):
b x 2b (bc-3ad) x

+ +

a(bc-ad) (a+bx?)??+/c+dx? 3a%(bc-ad)*Va+bx? Vc+dx?
{W (27 2_7ade_3a2d2)WElliptiCE[ArcTan[ﬁx be

Js1-—1]

Je ad

b 2
3a2\/?(bc—ad)3 (a+bx 7/ € +dx?

a (c+dx2

b\/?\/d_(bc—Qad) va+bx? EllipticF[Ar‘cTan[%},l—b—‘]
C

3 a? (bcfad)z’ clabx) o qx2

a (c+dx?)

Result (type 4, 337 leaves):
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1

3a2 |2 c(-bcrad)? (a+bx®)¥?Verdx®

b
- x(3a*d®+6a’bd®x*-2b*?x* (c+dx?) +a’b*d (8c?+8cdx*+3d*x*) +
\/a

b x2

a

ab’c(-3c?+4cdx®*+7d*x*)) +ibc (-2b°c*+7abcd+3a’d?) (a+bx?) |1+

C bc

5 b x2 d x? L . . b ad
(a+bx?) |1+ 1+ EllipticF[i ArcSinh|[ | = x], —]
a C a bc

Problem 216: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

2
1. 2 Enviptice[s arcsinn[ |2 x], 28] c2ibc (b2 -4abcds3a’d)
a

1
j dx
V1-x2 V2+4x2

Optimal (type 4, 10leaves, 1 step):
EllipticF [ArcSin[x], -2]

V2
Result (type 4, 58 leaves):

i V1-x? V1+2x* EllipticF[iArcSinh[v2 x|, - 7]

2V1+x2-2x4

Problem 219: Result unnecessarily involves imaginary or complex numbers.

j 1
dx
V1-x%2 \/2+x3?

Optimal (type 4, 12leaves, 1 step):
EllipticF [Ar‘csin [x], - l]

2
V2
Result (type 4, 18 leaves):

X
-i EllipticF[i ArcSinh|[ —], -2]
V2
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Problem 221: Result more than twice size of optimal antiderivative.

X
»\/ X2 \/ X2

Optimal (type 3, 8leaves, 2steps):
ArcTanh[x]

V2

Result (type 3, 26 leaves):
%Log[l—x] - % Log[1+X]

V2

Problem 225: Result unnecessarily involves imaginary or complex numbers.

X
\/ +X2'\/ +5X2

Optimal (type 4, 51leaves, 1 step):
V2 +5x2 EllipticF [Ar‘cTan [X], - %}

14x2

Result (type 4, 19leaves):
i EllipticF[i ArcSinh[x], 3]

V2

Problem 226: Result unnecessarily involves imaginary or complex numbers.

1
J dx
\/1+X2 \/2+4X2

Optimal (type 4, 49leaves, 1 step):
v1+2x? EllipticF[ArcTan[x], -1]

14+x?

Result (type 4, 17 leaves):
i El1lipticF[i ArcSinh[x], 2]

V2
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Problem 227: Result unnecessarily involves imaginary or complex numbers.

1
J dx
Viex2 V2+3x2

Optimal (type 4, 51leaves, 1 step):
V2 +3x? EllipticF [Ar‘cTan [x], - ﬂ

1+x2

Result (type 4, 19leaves):
i EllipticF[i ArcSinh[x], 3]

V2

Problem 229: Result unnecessarily involves imaginary or complex numbers.

J«/] «/2
X
+X2 +X2

Optimal (type 4, 47 leaves, 1 step):
V2 +x? EllipticF[ArcTan[x], i]

VI VT[22

1+x2

Result (type 4, 19leaves):
i El1lipticF [fL ArcSinh[x], i]

V2

Problem 230: Result unnecessarily involves imaginary or complex numbers.

1

dx
JWW
Optimal (type 4, 10leaves, 1 step):

X
EllipticF [ArcSin[ —], -2]

V2

Result (type 4, 19leaves):
i EllipticF[i ArcSinh([x], - %]

V2
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Problem 240: Result more than twice size of optimal antiderivative.

X
,\/ X2 ,\/ X2

Optimal (type 4, 12leaves, 1 step):

X
~EllipticF [ArcCos| —], 2]

V2
Result (type 4, 47 leaves):

1-x2 [1- "2—2 EllipticF [ArcSin(x], %]

V-2+3x%-x*

Problem 245: Result unnecessarily involves imaginary or complex numbers.

J 1 d
X
V-1-x2 \/2+5x2

Optimal (type 4, 53 leaves, 1step):
V2+5x* EllipticF[ArcTan(x], - >

\/? /—1—X2 2+5x2

1+x2

Result (type 4, 39leaves):
iV1+x? EllipticF[i ArcSinh[x], 3}

=

Problem 246: Result unnecessarily involves imaginary or complex numbers.

J 1
dx
\/—1—x2 \/2+4x2

Optimal (type 4, 51leaves, 1step):
vV1+2x? EllipticF[ArcTan[x], -1]

V2 A1 @ | m2e

1+x2

Result (type 4, 37 leaves):
i+1+x? EllipticF[i ArcSinh[x], 2]

V2o
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Problem 247: Result unnecessarily involves imaginary or complex numbers.

X
\/ X2 \/ + 3 X2

Optimal (type 4, 53 leaves, 1 step):
V2 +3x? EllipticF [Ar‘cTan [x], - ﬂ

V2 1o [ 232

1+x2

Result (type 4, 39 leaves):
iv/1+x2 EllipticF[i ArcSinh[x], %}

V2o

Problem 249: Result unnecessarily involves imaginary or complex numbers.

J 1 d
X
V-1-x2 /24 x2

Optimal (type 4, 49leaves, 1step):
V2 +x? EllipticF|ArcTan(x], 7]

1+x2

Result (type 4, 53 leaves):
iV1+x? +/2+x2 EllipticF[i ArcSinh(x], %]

\/?\/—(1+X2> (2+X2>

Problem 250: Result unnecessarily involves imaginary or complex numbers.

J ! dx
V-1-x2 A2-x2
Optimal (type 4, 31leaves, 2steps):
V1+x? EllipticF [Ar‘cSin[%} » -2]
V-1-x2
Result (type 4, 39 leaves):
i+1+x? EllipticF [1'1 ArcSinh[x], - i]

V2o
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Problem 289: Result unnecessarily involves imaginary or complex numbers.

J ! dx
\/4 +x2 \/c +dx?
Optimal (type 4, 61leaves, 1step):

vV c+dx? EllipticF [Ar‘cTan [ i] , 1- ﬂ]
C
cVa+x? cidx®
c (4+x?)

Result (type 4, 47 leaves):

j\/ﬁiisz]_]_ipticF[jAr‘CSinh[;], %]

Ve+dx?

Problem 290: Result more than twice size of optimal antiderivative.

J : dx
V1-x2 v/ -1+2x2
Optimal (type 4, 6leaves, 1step):

—-EllipticF [ArcCos[x], 2]

Result (type 4, 27 leaves):
V1-2x2 EllipticF[ArcSin[x], 2]
V-14+2x?

Problem 298: Result unnecessarily involves higher level functions.

J(I—ZXZ)'” i

1-x2

Optimal (type 5, 62 leaves, ? steps):

2°2~/x2 (2-4x2)""" Hypergeometric2F1 | i, Lm 31 -2 x2)?]

(1+m) x

Result (type 6, 122 leaves):

3 x (1—2x2)mAppe11F1[£, -m, =, =, 2x%, X2
2

i

3
-4mAppellF1][ =, 1-m,
2

1 13,
3AppellFl| =, -m, —, =, 2x%, xX*| +
2 2 2

X2

1 3
=, =, 2x%, x*| + AppellF1[ =, -m, =, =, 2x?, xz})])
2 2
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Problem 301: Result unnecessarily involves higher level functions.

J ! dx
(2+3x%)Y* (4+3x2)

Optimal (type 3, 129 leaves, 1step):

3/4 1/4 2 3/a_ 1/4 2
ArcTan [ 2 .2%/%42 2%/ 2+3 x } ArcTanh [ 2.2°/%-2 .2%/% 2+3/x }
2+/3 x <2+3x2)1/4 2+/3 x (2+3x2)1/4

2 2344/3 7 223443
Result (type 6, 135leaves):

1 1 3 3x2 3x?
- [|4xAppellF1[=, =, 1, =, - F—, - =] /
2 4 2 2 4
1 1 3 3x2  3x?
((2+3x2>1/4 (4+3x%) [-4AppellF1[ =, =, 1, =, - —, - —| +
2 4 2 2 4
5 3.1 5 3x2  3x2 3 5 5 3x2
x? |2AppellFl| =, ~=, 2, =, - =——, - =] +AppellF1[~, =, 1, =, - —
2" 4 2 2 2 4 2 2

Problem 302: Result unnecessarily involves higher level functions.

J 1 dx
(2-3x%)Y* (4-3x2)

Optimal (type 3, 120leaves, 1step):
Ar‘cTan[Lz’ﬁ 2:3x ] Ar‘cTanh[Lpﬁ 2:3x ]

2443 x (2-3x2) Y/ 2443 x (2-3x2) Y/
+
2 2344/3 2 2344/3
Result (type 6, 135leaves):

1 1 3 3x2 3x?
- ||4xAppellF1[ =, =, 1, =, —, —| /

2 4 20 2 4

1 1 3 3x2 3x?
((23x2>1/4 (-4+3x2) (4Appe11F1[, =1, =, =, — ]+
2 4 20 2 4
5 3 1 5 3x? 3x2 3 5 5 3x? 3x2
x? |2AppellFl| =, =, 2, =, —, —— | +AppellF1[ =, =, 1, =, —, —|
2 4 20 2 4 2 4 20 2

Problem 303: Result unnecessarily involves higher level functions.

J 1 dx
(2+bx2)1/4 (4+bx2>

Optimal (type 3, 129 leaves, 1step):
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3/4 1/4 2 3/a_ 1/4 2
ArcTan [ 2 .23/442 V44 2+b/x } ArcTanh [ 2. 2%/4-2 2444 2+b’x }
2+/b x <2+bx2)1’4 2+/b x (2+bx2)1/4

2 2244b 2 24b
Result (type 6, 144 leaves):

3 b x? b x2

1
( 12 x AppellFi[=, =, 1, =, - —, —]/
274 2 2 4
1 1 3 b x2 b x2
((2+bx2>1/4 (4+bx?) -12AppellFl| =, =, 1, =, - —, - — | +
274 2 2 4
5 3 1 5 b x2 b x? 3 5 5 b x? b x?
bx* |2AppellF1[=, =, 2, =, -——, - ——| +AppellF1[=, =, 1, =, - ——, - ——|
27 4 2 2 4 2 4 2 2 4

Problem 304: Result unnecessarily involves higher level functions.

J 1 dx
(Z—bxz)l/4 (4-bx?)

Optimal (type 3, 124 leaves, 1step):
Ar‘cTan[Lz'ﬁ 2-bx | ArcTanh| 2:V2 1262 ]

21/4 /b x (Z—b Xz) 1/4 21/4/b x (27b Xz) 1/4
+
2 .234.[p 2 234./p
Result (type 6, 145leaves):

1 1 3 bx? bx?
- |12 xAppellF1[=, =, 1, =, —, —] /

2 4 20 2 4

1 1 3 bx? bx?
((2—bx2)1/4 (-4+bx?) (12AppellF1[, =1, s, ]+
2 4 20 2 4
5 3 1 5 bx? bx? 3 5 5 bx? bx?
bx? |2AppellFl|[=, =, 2, >, —, —| +AppellF1[=, >, 1, =, —, —|
2 4 2 2 a4 2 4 2 2 4

Problem 305: Result unnecessarily involves higher level functions.

J 1 dx
(a+3x2)1/4 (2a+3x2)

Optimal (type 3, 120leaves, 1step):

e it
= =
Ar‘cTan[g\/—a } Ar‘cTanh[g\L ’ }
V3 x (ar3x2) M V3 x (ar3x?) V4

2+/3 a¥4 2/3 a¥4
Result (type 6, 155leaves):
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|

3 3x2  3x?
k) 1: ) *7]

1 1
2a xAppellFl[f, —
2 4 2 a 2a

/

1 1 3 3x2 3x?
- =1, = - _—] +

2 4 2 a 2a

((a+3x2)1/4 (2a+3x*) |-2aAppellFi|

5 3 x? 3 x2 3
325 =, -~ » = ] +AppellF1[;,

1
X2 =
4 2 a 2a

3
2 AppellF1| =,
2

Problem 306: Result unnecessarily involves higher level functions.

J ! dx
(a—3x2)1/4 (2a-3x?)

Optimal (type 3, 120leaves, 1step):

a 3/a
—

U a ) L - N
Ar‘cTan[ S (a3 ] Ar‘cTanh[ T x (a3 X2>1/,4]

[a-3x2 /. [a-3x2
1- Nij a3/4 (1+ %]

+

2/3 a¥/4 2+/3 a3/
Result (type 6, 155leaves):

1 1 3 3x?2 3x?
-||2axAppellF1][~, =, 1, =, —, —| /
2 4 2 a 2a

1 1 3 3x2 3x?
((a3x2>1/4(2a+3x2) 2aAppellFl[—, =, 1, =, —/, +
2 4 2 a 2a
, 3 1 5 3x2 3x? 3 5 5 3x2 3x?
x? |2AppellFl| =, =, 2, =, ——, ——| +AppellF1[~, =, 1, =, —, —
2 4 2 a 2a 2 4 2 a 2a

Problem 307: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)1/4 (2a+bx2)

Optimal (type 3, 120 leaves, 1step):

23/4 1+\/a+bx2 ] 23/4 17\/a-bx2 J
‘/a ‘/a
ArcTan[———"—-]  ArcTanh| ————=—|
Vb x <a+bx2)1/‘l Vb x (a+b xz)l/‘1
2a%%+/b 2a34+/b

Result (type 6, 165 leaves):

1 3 b x? b x?
6axAppellfFl[=, =, 1, =, - ——, - —] /
2 4 2 a 2a
1 1 3 b x2 b x2
((a+bx2)1/4 (2a+bx*) |6aAppellFl|—, =, 1, =, - ——, - — | -
2 4 2 a 2a
5 3 1 5 b x2 b x2 3 5 5 b x2
b x ZAppellFl[fz ) 2: Ty T T *7] +Appe11F1[f, -, 1, —y -
2 4 2 a 2a 2 4 2 a

I
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Problem 308: Result unnecessarily involves higher level functions.

J ! dx
(a—bxz)l/4 (2a-bx?)

Optimal (type 3, 124 leaves, 1step):

33/4 1 Ve b x? ] 3/a [1+\ a-bx? ]
ArcTan| *—-] ArcTanh| 4\L]
\/Fx(a—bxz)l/4 \/Fx(a—bxz)l/"
+
2a34\/b 2a¥4\b
Result (type 6, 162 leaves):
1 1 3 x2 bx?
6axAppellFl|~, ~, 1, =, —, —| /
2 4 2 a 2a
1 1 3 bx? bx?
((a—bxz)l/4 (2a-bx*) |[6aAppellFl|[—, —, 1, =, —, — | +
2 4 2 a 2a
3 1 5 bx? bx? 3 5 5 bx? bx?
bx? |2AppellFl| =, =, 2, =, —, — | +AppellF1[ =, =, 1, =, —, —|
2 4 2 a 2a 2 4 2 a 2a

Problem 309: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J ! dx
(-2+3x2) (-1+3x2)1*

Optimal (type 3, 61leaves, 1step):

3 3
ArcTan 2 ArcTanh L

-143x2) 1/4 (-1+3x2) 1/“
26 26

Result (type 6, 127 leaves):

11 3 _, 3x
2xAppellF1[—, =, 1, =, 3x?, —]
2 4 2 2

/

((2+ 3x%) (~1+3x%)Y* [2Appe11F1[l
2

1 3

=1, =, 3x3, ]+

4 2

5 , 3x? 3 5 5 , 3x?

» 2, =, 3x%, =] +AppellF1[=, =, 1, =, 3x?, —]
2 2 4

1
2 |2 AppellF1[ =, ~
4 2

N W

Problem 310: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J 1 dx
(-2-3x2) (-1-3x2)V*
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Optimal (type 3, 61leaves, 1step):

3
2

ArcTan Ar‘cTanh

3
2

-1-3x2) 1’4 (-1-3x2) 1’4
2W 2/6
Result (type 6, 127 leaves):
11 3 , 3x2
2xAppellFl[ =, =, 1, =, -3x%, - —]
27 4 2 2

)\ 1/4 5 1 , 3x?
(-1-3x2)"* (2+43x%) |-2AppellF1[ =, —, 1, =, -3x%, - — | +
2 4 2 2
3 1 , 3x2 3 5 ,  3x?
2 |2AppellFl[ =, =, 2, =, -3x?, - —| +AppellF1[ =, =, 1, =, -3x%, - —]
2 4 2 2 2 4 2
Problem 311: Result unnecessarily involves higher level functions.
1
J dx
(—2+bx2) (—1+bx2)1/4
Optimal (type 3, 77 leaves, 1 step):
ArcTan| —\L] ArcTanh | —\M]
VI (-1bx2)Y VT (1ebx2) VA
2+/2 Vb 2+/2 b
Result (type 6, 132leaves):
11 3 , bx2
6xAppellF1[f, -1, —, bxs, 7] /
2 4 2 2
11 3 b x?
((—2+bx2) (—1+bx2)1/4 [GAppellFl[—, =,1, =, bx?, —X] +
2 4 2 2
31 5 , bx2 3 5 5 , bx?
bx? |2AppellF1| =, =, 2, =, bx?, —| +AppellF1[~, =, 1, =, bx?, —| )}
2 4 2 2 2 4 2 2

Problem 312: Result unnecessarily involves higher level functions.

J ! dx
(—Z—bxz) (—1—bx2)1/4

Optimal (type 3, 79leaves, 1step):

_ b x _ Jbx
ArcTan [ = (—1b—b o ] ArcTanh [ = (,1b,b e ]

276 22 Vb
Result (type 6, 137 leaves):
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()]
X
>
o
©
0]
[}
=
m
=
N |
-

5 5 b x2 3
» 2, =, -bx?, - ——] + AppellF1|~
2 2 2

5 b x2
» 1, —, ’bxz) *_}

b x?
2 2

2 AppellF1]|

3

]

N W
Y,

1
, =
4

Problem 313: Result unnecessarily involves higher level functions.

J ! dx
(—2a+3x2) (—a+3x2)1/4

Optimal (type 3, 85leaves, 1step):

X

N w
x
N w

]

Ar‘cTan[ - } ArcTanh [ -
al/* (-a+3x2)¥* al/* (-a+3x2)Y*

2+/6 a¥/4 2+/6 a3/t

Result (type 6, 157 leaves):

1 1 3 3x2 3x2
2axAppellFl[~, =, 1, =, —, —] /
2 4 2 a 2a

1

T ) )

2 4 2 a 2a
5 3x2 3x?

)21 N

1 3x%
4 2 a 2a

((2a+3x2) (-a+3x?)* [ZaAppellFl[1

5 3x2 3x?
> 1) R
2

x? |2 AppellF1| =,
a 2a

3
] +Appe11F1[f,
2

]

N w

Problem 314: Result unnecessarily involves higher level functions.

J ! dx
(-2a-3x?) (—a—3x2)1/4

Optimal (type 3, 85leaves, 1step):

N w
x
N w
x

]

Ar‘cTan[ - } Ar‘cTanh[
a1/4 (_3_3 X2)1/4 a1,/4 (_3_3 X1)1/4

2+/6 a¥/4 26 a¥4
Result (type 6, 157 leaves):

1 1 3 3 x2 3 x2
2axAppellFl[~, —, 1, =, - ——, - —|
2

2 4 a Za/

1 1 3 3 x2 3 x?
1, = —— *7]+

(7373)(2)1/4 (2a+3x?) |-2aAppellF1[—, ~ s
2 4 a 2a

5 3 x? 3 x? 3
52, =, - ——, - ——| +AppellF1[ -,
2

1
2 AppellF1| =, =
4 2 a 2a

X2 ,

N W
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Problem 315: Result unnecessarily involves higher level functions.

1
J(—2a+bx2) (—a+bx2)1/4

dx

Optimal (type 3, 101 leaves, 1step):

Ar‘cTan[;L/] Ar‘cTanh[;Lﬂ
V2 al/4 (-a+b xz)lf’4 V2 at/4 (-a+b xz)l/‘1

2+/2 a¥4+/b 2+/2 a¥*/b
Result (type 6, 163 leaves):

1 1 3 bx? bx?
( 6axAppe11F1[—, =1, = —, —} /
2" 4 2" a  2a
1 1 3 bx? bx?
((Za—bxz) (—a+bx2)1/4 (GaAppellFl[—, =,1, &, —X, —X] +
2 4 2 a 2a
3 1 5 bx?> bx? 3 5 bx?> bx?
bx? |2AppellFl| =, =, 2, =, —, — | +AppellF1[ =, =, 1, =, —, —|
2 4 2" a  2a 2" 4 2" a  2a
Problem 316: Result unnecessarily involves higher level functions.
1
J dx
(-2a-bx?) (-a-bx?)"*
Optimal (type 3, 103 leaves, 1step):
ArcTan[L] ArcTanh[—“L,}
V2 at4 (—a-bx2) V2 at/* (~a-bx?)V*
2+/2 a¥*+/b 2+/2 a¥4+/b
Result (type 6, 168 leaves):
1 1 3 b x? b x?
- ||6axAppellFl[ =, =, 1, =, - ——, - —| /
2 4 2 a 2a
11 3 bx2 bx2
((—a—bxz)l/4 (2a+bx?) 6aAppellF1[~, =, 1, —, ——X, ——X] -
2 4 2 a 2a
) 3 1 5 b x? b x? 3 5 b x?
bx? |2AppellFl[=, =, 2, =, - ——, - —] +AppellF1[=, =, 1, =, - ——
2 4 2 a 2a 2 4 2 a

b x2

2a

il

Problem 317: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

1
J(Z—XZ) (-1+x2)V* o

Optimal (type 3, 53 leaves, 1 step):
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ArcTan| —=>——]  ArcTanh| —>——]
\/?(—1+x2)1/4 \/?(—1+x2)1/4

N
22 22
Result (type 6, 115leaves):

3 x2

11 ,
- | |6 xAppellF1[=, =, 1, =, x?, —] /
2 4 2 2
2
((—2+x2) (-1+x2)1/4 (6Appe11F1[1, 1, 1, 3, x2, X—] +
2 4 2 2
2 2
x2 2AppellF1[i, 1, 2, 5, x?, X—} +AppellF1[i, E, 1, E, X2, X—] J])
2 4 2 2 2 4 2 2

Problem 318: Result unnecessarily involves higher level functions.

(a+bx2)7/4
Jidlx
c+dx?
Optimal (type 4, 362 leaves, 13 steps):
6abx 2b (bc-ad)x 2bx (a+bx?)>*
_ N _
5d (a+bx2)*  d? (a+bx?)'* 5d

62325 (1+ bx2)1/4 EllipticE[iAr‘cTan[%], 2]

a a

+

5d (a+bx2)**

293 VB (e-ad) (1022 ertspesce 3 arcran 53], 2

Va L1
d2 (a+bx2) Y @7 x
5 b 2\1/4
2t (‘bcrad)®? |- 2C Ellipticpi[-ﬂ, ArcSin[%]; -1] -
a V-bc+ad a

5 b x2 1/4
;31/4 (-bc+a d>3/2 b EllipticPi[ﬂ: APcsin[%} > -1
d5/2 x a -bc+ad at/t

Result (type 6, 431 leaves):
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5 1 1 3 b x? d x?
2x |-1|]9a c(—2bc+5ad)AppellF1[7, =, 1, f,—i,—i]/
2 4 2 a C
11 3 x> dx? 5 3.1
-6acAppellF1[~, =, 1, =, - ——, - —| +x? |[4adAppellF1| =, —, 2,
2 4 2 a C 2 4
5 b x? d x? 3 5 5 b x? d x?
=, - ——, -——] +bcAppellF1[ =, =, 1, =, - ——, - —] ||| +
2 a C 2 4 2 a C
) ) . 3 1 5 b x2 d x?
b|-5ac(6ac+bcx’+14adx’+6bdx*) AppellFl[ =, —, 1, =, - ——, - — ] +
2 4 2 a C
5 1 7 b x? d x?
3x* (a+bx?) (c+dx?) |[4adAppellF1[ =, =, 2, —, - ——, - — | +
2 4 2 a C
5 5 7 bx? dx?
bcAppellFl[ =, =, 1, =, - —, - —] / ~10ac
2 4 2 a C
3 1 5 b x? d x? ; 5 1 7 b x?
AppellFl[ =, =, 1, =, - ——, - ——| +x* [4adAppellF1[~, =, 2, —, - —,
2 4 2 a C 2 4 2 a
5 5 7 b x2 d x?
bcAppellFl[=, =, 1, =, - ——, - —| J])/(lSd(a+bx2)1/4 (c+dx?) )
2 4 2 a C

Problem 319: Result unnecessarily involves higher level functions.

b x2) 5/
J(a+ x) x

c+dx?

Optimal (type 4, 302 leaves, 12 steps):
X2\ 3/4 . . X
2 b x (a T b xz) 174 2a32+b (1 + b—) EllipticF [iAr‘cTan [%] s 2}

a a

. _
3d 3d (a+bx?)*
34 .
2+/a Vb (bc-ad) (1+baiz) ElllpthF[iAr‘cTan[%}, 2] ) 1
d? (a+bx2)3/4 d? x
2 b 2\1/4
at’* (bc-ad) b EllipticPi[—M, ArcSin | (2+bx) ], -1] +
a V-bc+ad at/t
2 b 2\1/4
1 at’* (bc-ad) b EllipticPi[ﬂ, ArcSin| (a+bx) ], -1]
d? x a \V-bc+ad al/4

Result (type 6, 435leaves):
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5 1 3 3 b x? d x?
2x |-1|]9a c(—2bc+3ad)AppellF1[f =1, =, , 7]/
2 4 2 a C
1 3 3 bx d x? 3 3
-6acAppellFl[~, =, 1, =, - ——, - —| +x? |[4adAppellF1| =, =, 2,
2 4 2 a C 2 4
5 b x2 d x? 3 7 5 b x2 d x?
=, -, -——] +3bcAppellFl[ =, —, 1, =, - ——, - —| ||| +
2 a C 2 4 2 a C
5 5 . 3 3 5 b x? d x?
b|-5ac(6ac+3bcx*+10adx*+6bdx*) AppellF1[=, =, 1, =, - s -]+
2 4 2 a C
5 3 7 b x? d x?
3x* (a+bx?) (c+dx?) |[4adAppellF1[ =, =, 2, —, - ——, - — | +
2 4 2 a C
5 7 7  bx? d x?
3bcAppellFl[=, —, 1, =, - ——, - —| / -10ac
2 4 2 a C
3 3 5 b x? d x? 5 3 7 b x? d x?
AppellFl|[ =, =, 1, =, - ——, - ——| +x* [4adAppellF1[~, =, 2, —, - ——, - — ] +
2 4 2 a C 2 4 2 a C
5 7 7 b x? d x?
3bcAppe11F1[f -, 1, f,—i,—i] )]]/(Qd(a+bx2>3/4<c+dx2))
2 4 2 a C

Problem 320: Result unnecessarily involves higher level functions.

(a+bx?)¥*
J— dx
c+dx?
Optimal (type 4, 244 leaves, 8steps):
x2 1/4 . . X
2b X 7 2\/?\/? (1+b7) ElllpthE[iArcTan[%], 2} ) 1
d(a+bx2>1/4 d(a+bx2>1/4 d3/2 x

b x2 d a+bx?)t*
al*/ bcrad | X EllipticPi[—@, ArcSin[Q] , -1 -
a V-bcrad at/t

1 b x2 d a+bx2 14
a’%~“bcrad |-— EllipticPi[ﬂ, ArcSin[Q]’ -1]
d3/2 x a V-bc+ad at/t

Result (type 6, 161 leaves):

)

1 3 3 bx? dx?
[6acx<a+bx2)3/4AppellF1[,, 1, =, - })/
2 2

4 a C
5 1 3 3 b x2 d x? 5
(c+dx?) |[6acAppellF1[—, - =, 1, =, -——, -— | +x* |-4ad
2 4 2 a C
3 3 5 b x? d x? 3 1 5 b x? d x?
AppellFl[ =, - =, 2, =, -——, - ——| +3bcAppellF1[~, =, 1, —, y -]
2 4 2 a C 2 4 2 a C
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Problem 321: Result unnecessarily involves higher level functions.

(a+bx?)?*
J————————dx
c+dx?
Optimal (type 4, 199 leaves, 8 steps):
bx? 3/4 . . 1 Vb x
2+/a /b (1 ( ) ElllpthF[2 ArcTan | ~ |, 2]

a

d (a+bx2) >

al/s |- Elllptlcpl[ fa oJd_ Ar‘cSm[M}, -1]

-bc+ad al/4
d x
al/t |- Elllptlcpl[L Ar‘cSm[M], -1]
\-bcrad al/4
d x
Result (type 6, 160 leaves):
1 1 3 b x2 d x?
[Gacx <a+bx2)1/4AppellF1[—, -= 1, e, e -] /
2 4 2 a C
) 1 1 3 bx2  dx? )
(c+dx?) |6acAppellFl][~, - =, 1, =, -——, - — | +x* |-4ad
2 4 2 a C
3 1 5 x? d x? 3 3 5 b x2 d x?
AppellFl[ =, - =, 2, =, - ——, - ——| +bcAppellF1[ =, =, 1, =, - ——, - —|
2 4 2 a C 2 4 2 a C

Problem 322: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)1/4 (c+dx?)
Optimal (type 4, 167 leaves, 4 steps):

1/4
at/4 [ -2 EllipticPi|- ~a Jd Ar‘cﬁn[M)—], -1]

Vbcad av/4
VJd V/-bcrad x
al/4 2X EllipticPi| LL Ar‘csln[M], -1]
/-bcrad al/4
\/?\/—bc+ad X

Result (type 6, 160 leaves):
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1 1 3 b x? d x?
6achppellF1[f =1, = -, *7} /
2 4 2 a C
1 1 3 b x? d x?
((a+bx2>1/4(c+dx2) -6acAppellF1[~, =, 1, =, - ——, - —] +x* |4ad
2 4 2 a C
3 1 5 b x? d x? 3 5 5 b x? d x?
AppellFl[ =, =, 2, =, -——, - ——| +bcAppellF1[~, =, 1, =, - —, - —|
2 4 2 a C 2 4 2 a C

Problem 323: Result unnecessarily involves higher level functions.

J ! dx

(a+bx2)3/4 (c+dx?)

Optimal (type 4, 152 leaves, 5steps):

at/4 [ -2 EllipticPi|- ~a d Ar‘csln[j&::)l—”] , 1]

Jbcrad ’
+
(bc-ad) x
al/4 E111pt1cP1 JDL Ar‘cSm[M], —1}
\-bcvad at/4
(bc-ad) x

Result (type 6, 161 leaves):

1 3 3 b x2 d x?
- ||6acxAppellFl|—, =, 1, f,-—,_—}/
2 4

2 a C
1 3 3 b x? d x? 3
((a+bx2>3/4 (c+dx?) |-6acAppellF1[~, =, 1, =, -——, - —— | +x* |4adAppellF1| —,
2 4 2 a C 2
3 5 b x2 d x? 3 7 5 b x2 d x?
=,2, =, -——, -———| +3bcAppellF1[ =, =, 1, =, - —, - —]
4 2 a c 204 2 a c

Problem 324: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx2)5/4 (c+dx?)

Optimal (type 4, 233 leaves, 7 steps):
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a

- (1+ %)1/4 EllipticE[iAr‘cTan[%], 2]

bc—ad) (a+bx2 )1/4

al’4\/d |- 2 EllipticPi|- —\D% Ar‘cSm[M}, -1]
+/-bc+a /

(- bc+ad)3/2

a1/4\/7FE111pt1cP1 j% A,ﬂcsln[jiﬁ)ﬂ]’ 71}
a/

-bc+ad

( bc+ad)3/2

Result (type 6, 339 leaves):

3b 1 1
(9c(bc+ad)AppellF1[ =, 1, *,77,77]
2 4 2 a C

2X |-
a
2 11 3 bx2 dx? 3 1
(c+dx?) |-6acAppellF1[—, =, 1, =, - ——, - —— | +x* |4adAppellF1[ =, —,
2 4 2 a C 2 4
5 b x? d x? 3 5 5 b x? d x?
2, *;*7,—7]+bcAppellF1[f, -, 1, 7,,7,,7] _
2 a C 2 4 2 a C
1 5 b x2 d x?
- ] -10 a c AppellF1]|

11:_1_ > -

/((c+dx2>

3
(5 b cdx?AppellFi| =,
2

4 2 a C
3 1 5 b x2 d x? 5 1 7 b x2 d x?
- 1, _,,_,7_] 4adAppe11F1[—, -, 2, —,7—’,_]+
2 4 2 a C 2 4 2 a C
5 5 7 b x2 d x?
bCAppellFl[*: ) 1) 7:_7)—7] J]]J/(B (—bC+ad) (a+bX2>1/4>
2 4 2 a C

Problem 325: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx2)7/4 (c+dx?)

Optimal (type 4, 254 leaves, 9 steps):
20 (1 ( bx2)3/4 EllipticFEAr‘cTan[%}, 2]

a

2bx
(bc-ad) (a+bx2)3/4 3\/—(bc—ad) (a+bx2)3/4
al’4d | - E111pt1cP1[ e vd Ar‘cSm[M}, —1]
m al/4
(bc—ad)2
al’4d |- E111p‘c1cP1[JDL Ar‘cSm[M], -1]
-bcrad al/4
(bc—ad)2

Result (type 6, 342 leaves):
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3b 1 3 3 b x? d x?
2x |- —+ 9c(bc—3ad)Appe11F1[f =1, 5, - -] /
a 2 4 2 a C
) 1 3 3 bx? dx? 3 3
(c+dx?) |-6acAppellF1[—, =, 1, =, - ——, - — | +x*> |4adAppellF1[ =, =,
2 4 2 a C 2 4
5 b x? d x? 3 7 5 b x? d x?
2, =, -——, -—— | +3bcAppellF1[~, —, 1, =, - ——, - —| +
2 a C 2 4 2 a C
3 3 5 b x2 d x? ,
5bcdx?AppellFl[~, =, 1, f,—f,—i]/ (c+dx?) |-1@acAppellF1|
2 4 2 a C
3 3 5 b x? d x? 5 3 7 b x? d x?
T T 1) _:7_)*—] 4adAppellF1[— — 2, —,——’7—]+
2 4 2 a C 2 4 2 a C
5 7 7 bx? dx2
3bcAppellF1[f -1, - -— -— )]]]/(9 (—bc+ad) (a+bx2)3/4)
2 4 2 a C

Problem 326: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx2)9/4 (c+dx?)

Optimal (type 4, 274 leaves, 10 steps):
24/b (3bc-8ad) (1.2 ElLiptick [} ArcTan[ 2], 2]

2bx a
+ +
5a(bc—ad> (a+bx2)5/4 5a3/2 (bc—ad)z(aerxz)l/4
al/4 g3/2 ElllpthPl[ fad Ar‘cSm[M], -1]
\ Jbead at/e

(- bc+ad)5/2

al/4g3/2 | _ |;11;L|;-,t1<:P1[—JL;L Ar‘cSm[M}, *1}

-bc+ad al/4

( bc+ad)5/2

Result (type 6, 404 leaves):

| 91
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3b (7932d+3b2cx2+4ab (cfzdxz))

2 X +
a+bx?
11 3 b x? d x?
(Qac(—3b2c2+8abcd+5a2d2)AppellFl[— =, 1, —,——,——]/
2 4 2 a C
5 1 1 3 b x2? d x? 3 1
(c+dx?) |6acAppellFl|—, =, 1, =, -——, - ——| -x* |4adAppellF1]—, —,
2 4 2 a C 2 4
5 b x2 d x? 3 5 5 b x? d x?
2, =, -——, -——] +bcAppellF1| =, =, 1, =, - —, - —| -
2 a C 2 4 2 a C
3 1 5 b x? d x?
5abcd (-3bc+8ad) x*AppellFl| =, —, 1, —,——,——]/
2 2 a C
, 3.1 5 bxt2 dx?
(c+dx?) |-1@acAppellFl|[ =, =, 1, —, - ——, - — | +
2 4 2 a C
5 1 7 x2 d x?
2|4adAppellFl][ =, =, 2, —, - ——, - — | +
2 4 2 a C
5 5 7 b x? d x?
bcAppellFl[f -, 1, 7,—7,—7] J] /(15a2 (bc—ad>2<a+bx2)1/4)
2 4 2 a C

Problem 327: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx2)11/4 (c+dx?)

Optimal (type 4, 304 leaves, 10 steps):
2bx 2b (5bc-12ad) x

+ +

a(bc-ad) (a+bx2)7/4 21 a2 (bcfad)2 (a+bx2)3/4

2v/b (5bc-12ad) (1+ba—xz)mEllipticF[iArcTan[%}, 2]

a

.
21 a3/2 (bc—ad)2 <a+bx2)3/4

1/a
al/4 d2 E111pt1cP1[ fa Jd Ar‘cSm[M)—], —1}
\/-bc+ad 1/4

(bc-ad)?

al/4d? |- E111pt1cP1{LL Ar‘cSm[M}, -1]

-bc+ad al/4

(bc—ad)3

Result (type 6, 408 leaves):
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3b(-15a*d+5b?cx?*+4ab (2c-3dx?))

2 X +
a+bx?
- - 1 3 3 b x2 d x?
9ac (5b>c®-12abcd+21a*d®) AppellF1[—, =, 1, =, - —, - —| /
2 4 2 a C
5 1 3 3 x2 d x? 5 3 3
(c+dx?) |6acAppellFl|—, =, 1, =, -——, - ——| -x* |4adAppellF1][—, =,
2 4 2 a C 2 4
5 b x2 d x? 3 7 5 b x2 d x?
2, =, -—, - ——| +3bcAppellF1[ =, =, 1, =, - ——, - —] |||+
2 a C 2 4 2 a C
5 3 3 5 b x2 d x?
5abcd (-5bc+12ad) x? AppellFi[ =, =, 1, —,-—,——]/
2 4 2 a C
) 3 3 5 x2 d x?
(c+dx?) |-1@acAppellFl|[ =, =, 1, =, - ——, - — | +
2 4 2 a C
5 5 3 7 x2 d x?
x* [4adAppellFl[ =, =, 2, —, - ——, - — | +
2 4 2 a C
5 7 7 X2 d x?
3bcAppellF1[7, - 1, 7,—7,—7] J] /(63a2 (bc—ad>2<a+bx2)3/4)
2 4 2 a C

Problem 328: Result unnecessarily involves higher level functions.

dx

J(a+bx2)7/4

<C+dx2)2

Optimal (type 4, 340 leaves, 9 steps):

b(5bc-ad)x (bc-ad)x(a+bx?)**
2cd? (a+bx?)* 2cd (c+dx?)
Va +/b (5bc-ad) 1422 1/4Ellip‘cicEHAr‘cTan[l@} 2]
(2 : i, aTherad
2cd? (a+bx?)?* 4cds/2x
) b x2)1/4
(5bc+2ad) b EllipticPi[—ﬂ, Ar‘cSin[%],—l]—;
a V-bc+ad al/4 4cd/2x
2 b 2\1/4
at’*+/-bc+ad (5bc+2ad) b EllipticPi[M, ArcSin[w], -1]
a V-bc+ad al/*

Result (type 6, 436 leaves):
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) 11 3 b x? d x?
x |-||18a% (bc+ad) AppellF1[—, —, 1, 7,77,77}/
2 4 2 a C
11 3 x> dx? 5 3.1
-6acAppellF1[~, =, 1, =, - ——, - —| +x? |[4adAppellF1| =, —, 2,

2 4 2 a C 2 4

5 bx?  dx? 3 5 5 bx? dx?

=, -——, -——] +bcAppellF1[ =, =, 1, =, - —, - —] +

2 a C 2 4 2 a C

3 1 5 bx? dx?
(Sac(6a2d—b2cx2+ab(—6c+5dx2))AppellF1[, =1, s, e, -]+
2 4 2 a c
1 7  bx? d x?
3(bc-ad)x*(a+bx?) [4adAppellFl[ =, =, 2, —, - ——, - — ] +
4 2 a C
5 5 7 bx* dx?
bcAppellF1[ >, 2,1, =, -, - =] /
2 4 2 a c
3 1 5 bx?  dx?
c|18acAppellFl[ =, =, 1, =, - —, - —| -
2 4 2 a C
, 5 1 7 bx® dx
x? [4adAppellFl[ =, =, 2, =, - ——, - — | +
2 4 2 a C
5 5 7 bx? dx?
bcAppellFl[ =, =, 1, —, - ——, - —| J]]]/(6d(a+bx2>1/4 (c+dx2>)
2 4 2 a C

Problem 329: Result unnecessarily involves higher level functions.

b 2\5/4
J(a+ x) x

<c+dx2)2
Optimal (type 4, 279 leaves, 9 steps):
(bc—ad)x(a+bx2)1/4 \/?\/F(Bbc+ad) (1+ba_x2)
+

> EllipticF| % ArcTan | %] , 2]

a

2cd (c+dx?) 2cd2(a+bx2)3/4

R b x2)1/4
SN V7 <3bc+2ad> _b—x EllipticPi[—M, Ar‘cSin[ (a+ . > }’ ‘1} -
4cd?x a \-bc+ad at/t
) b 2\1/4
a'* (3bc+2ad) X EllipticPi[M, Arcsin | [2:0) [»-1]
4cd?x a \V-bc+ad at/t

Result (type 6, 439 leaves):
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5 1 3 3 b x? d x?
x|-||18a (bc+ad)AppellF1[f =, 1, f,—i,—i}/
2 4 2 a C
1 3 3 X2 d x? 3 3
-6acAppellFl[~, =, 1, =, - ——, - —| +x? |[4adAppellF1| =, =, 2,
2 4 2 a C 2 4
5 b x2 d x? 3 7 5 b x2 d x?
=, -, -——] +3bcAppellFl[ =, —, 1, =, - ——, - —| ||| +
2 a C 2 4 2 a C
3 3 5 b x? d x?
(Sac(6a2d—3b2cx2+ab(—6c+7dx2))Appe11F1[ =1, s, e ]+
2 4 2 a C
5 3 7 b x? d x?
3(bc-ad)x*(a+bx?) [4adAppellFl[ =, =, 2, —, - ——, - — ] +
2 4 2 a C
5 7 7  bx? d x?
3bcAppellFl[=, —, 1, —, - ——, - —| /
2 4 2 a C
3 3 5 b x? d x?
c|18acAppellFl[~, =, 1, =, - —, - —| -
2 4 2 a C
5 3 7 b x? d x?
4adAppellF1[f =2, =, -—, ,7} *
2 4 2 a C
5 7 7 b x? d x?
3bcAppellFl[ =, —, 1, —, - ——, - —| J]])/(6d<a+bx)3/4 (c+dx>)
2 4 2 a C

Problem 330: Result unnecessarily involves higher level functions.

dx

j(a+bx2)3/4

<c+dx2)2

Optimal (type 4, 309 leaves, 9 steps):

B b x +x(a+bx2)3/4+\/a—\m(1+ %)1/4EllipticE[%Ar‘cTan{%],2} )

2cd (a+bx?)V*  2c(c+dx?) 2cd (a+bx2)V*

2 b 2\1/4
a (bcr2ad) |- 2 EllipticPi[—ﬂ, ArcSin[%}, =1 /
a V-bc+ad C
(4cd3/2\/—bc+ad x)—
5 b x2) /4
a'’* (bc+2ad) X E1lipticPi| Ve dJd » Arcsin| (2:520) J» -1 /
a V-bc+ad at/*

(4cd3/2\/7bc+ad x)

Result (type 6, 320 leaves):

| 95
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3 (a+bx?) R 11 3 bx?2  dx?
X | ——mm 18 a AppellFl[— -1, = -, ——] /
C 2 4 2 a C
1 1 3 b x2 d x? 5
-6acAppellF1[~, =, 1, =, -—, - —] +x* |4ad
2 4 2 a C
3 1 5 b x2? d x? 3 5 5 b x2
AppellFl[ =, =, 2, =, -——, - ——| +bcAppellF1[ =, =, 1, =, - ——
2 4 2 a C 2 4 2 a
3 1 5 b x2 d x? 3 1
5abx?AppellFl[=, =, 1, =, - —, - —| / -10acAppellFl| =, =, 1,
2 4 2 a C 2 4
5 b x2 d x? 5 1 7 b x? d x?
= e -] 4adAppellFl[ =, =, 2, —, - ——, - — ] +
2 a C 2 4 2 a C
5 5 7 b x? d x?
bcAppellFl[f - 1, 7,—7,—7] J /(6 (a+bx)1/4 (c+dx))
2 4 2 a o

Problem 331: Result unnecessarily involves higher level functions.

b 2\1/4
JMM

<c+dx2)2

Optimal (type 4, 278 leaves, 9 steps):

X (a+bx2>1/4 va /b (1+ %)3/4 EllipticF[iAr‘cTan[%], 2} L
+

a
2c(c+dx2) 2cd(a+bx2)3/4 4cd<bc—ad)x

b x2 a \/d a+bx?)t*
at’* (bc-2ad) |[-— EllipticPi[—l, Ar‘cSin[Q], -1] -
a \VJ-bc+ad al/4
1 b x?2 a \/d a+bx?
a'* (bc-2ad) X EllipticPi[l, Ar‘cSin[<7 s
4cd(bc-ad)x a V-bc+ad at/4
Result (type 6, 322 leaves):
3 (a+bx2) 1 3 3 bx? dx
X | ————" - |18a2AppellF1[=, =, 1, =, - —, - —] /
C 2 4 2 a C
1 3 3 b x? d x? 5 3 3
-6acAppellF1[~, =, 1, =, -——, - ——| +x* [4adAppellF1[~, =, 2,
2 4 2 a C 2 4
5 b x? d x? 3 7 5 b x? d x?
=, - ——, -——] +3bcAppellF1[ =, =, 1, =, - ——, - — ||| -
2 a C 2 4 2 a C
3 3 5 b x2 d x? 3 3
5abx?AppellFl[ =, =, 1, =, - —, - —| / -10acAppellFl| =, =, 1,
2 4 2 a C 2 4
5 b x? d x? 5 3 7 b x? d x?
= - -] dadAppellFl[ =, =, 2, —, - ——, - —] +
2 a C 2 4 2 a [«
5 7 7 b x? d x?
3bcAppellFl[ =, —, 1, =, - ——, - —| ) /(6(a+bx)3/4<c+dx))
2 4 2 a C
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Problem 332: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)1/4 (c+dx2>2

Optimal (type 4, 336 leaves, 9 steps):

b x dx(a+bx2)3/4

c(bc-ad) (a+bx2)1/4 2c (bc-ad) (c+dx?)

Va b (1+ :—"2)1/4 EllipticE[lAr‘cTan[l%], 2]

a

c(bc-ad) (a+bx2)1/4

a \/d a+bx2)'*
al/4 3bc72ad Elllptlcpl i) Ar‘cSin[Q], ,1} /
v -bc+ad at/t

(4C\/? (—bc+ad)3/2x)

+

2 b 2\1/4
a4 (3bc-2ad) b EllipticPi[M, Ar‘cSin[%},l]/
a v-bc+ad at/
(4C\/F( bc+ad) 3/2x)
Result (type 6, 358 leaves):
3d (a+bx?) 11 3 bx? dx?
X +[18a<2bc+ad)AppellF1[ =1, =, -, -] /
¢ (bc-ad) 2" a 2 a C
1 1 3 b x? d x? 3 1
[(bc—ad) [—6acAppellF1[—, ~,1, =, -——, -——] +x* |4adAppellF1| —, —,
2 4 2 a C 2 4
5 b x2 d x? 3 5 5 b x? d x?
2, = -—, 77] +bcAppe11F1[f, -1, =, -—, ,7] ]+
2 a C 2 4 2 a C
3 1 5 b x? d x?
(Sabdx AppellFl[ =, =, 1, =, - ——, - —| /[(—bc+ad) (—10acAppellF1[
2 4 2 a C
3.1 5 bx? dx? 5 5 1 7 bx2 dx?
=, =51, =, -, -] +x?|4adAppellFl| =, =, 2, =, - ——, - — | +
2 4 2 a C 2 4 2 a C
2 2
bcAppellFl[5 5, 1, Z,—b—x, d_x] )])]/(6 (a+bx2>1/4(c+dx2))
2 4 2 a C

Problem 333: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)3/4 (c+dx2>2

Optimal (type 4, 292 leaves, 9 steps):
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dx(a+bx2)1/4 \/?\/F(1+ba_xz)3/4EllipticF[iArcTan[%},2} 1
- - +
c(bcfad) (c+dx2) 2c(bc—ad) (a+bx2>3/4 4c(bc—ad)2
2 b 2\1/4
at’* (5bc-2ad) B Ellipticpi[—ﬂ, Ar‘cSin[%], -1 +
a Jbcrad at/4
2 b x2)1/4
! a4 (5bc-2ad) b EllipticPi[ﬂ, Ar‘cSin[% , -1]
c(bc-ad)*x a JVbciad al/a
Result (type 6, 340leaves):
3d (a+bx?) 1 3 3 bx? dx?
X |-————L 4 [18a (-2bc+ad) AppellF1[ =, =, 1, =, - ——, - —] /
C 2 4 2 a C
1 3 3 bx*? dx? 3 3
[ 6acAppellFl|~, =, 1, =, - ——, - —| 4adAppellFl] =, =, 2,
2 4 2 a C 2 4
5 b x2 d x? 3 7 5 b x2 d x?
=, -——, -——] +3bcAppellF1[ =, —, 1, —, - ——, - —| ] +
2 a C 2 4 2 a C
3 3 5 b x2 d x? 3 3
(Sabdx AppellFl[f -1, - -—, —7] /( 10acAppe11F1[f -
2 4 2 a C 2 4
5 b x2 d x? 5 3 7 b x2 d x?
1, =, -——, -—— | +x* [4adAppellF1[~, =, 2, =, - ——, - —] +
2 a C 2 4 2 a C
2 2
3bcAppe11F1[E Z,l, Z}_b_x,_dx JJ] ( bc—ad a+bx2)3/4(c+dx2))
2 4 2 a

Problem 334: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)5/4 (c+dx2>2

Optimal (type 4, 314 leaves, 10 steps):
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dx

- +

c(bc-ad) (a+bx2)1/4 (c+dx?)

Vb (4bc+ad) (1+ba—xz)1/4 EllipticE[iArcTan[%}, 2]
2+/a c(bc-ad)? (a+bx?)**

N b 2\1/4
at*+/d (7bc-2ad) /-b—x Ellipticpi[-ﬂ, Ar‘cSin[%], -1] /
a a

V-bc+ad

[4c(-bcrad)?x]+

5 b x2 1/4
at*+/d (7bc-2ad) b Ellipticpi[ﬂ, ArcSin[%}: -1] /
a Vbcrad al/t

( (-bc+ad)®?x )

Result (type 6, 480 leaves):

1 3 b x? d x?
(18(2b2c2+4abcda2d2>Appe11F1[— , 1, —,7—,,—}/
2 2 a C
1 1 3 b x2 X2 ,
6acAppe11F1[f -1, = -— - }+x 4ad
2 4 2 a C
3 1 5 b x2? d x? 3 5 5 b x? d x?
AppellFl[_ ) 2) T T T s — ]+bCAppellF1[— -, 1, —y -, _—] +
2 4 2 a C 2 4 2 a C
3 1 5 b x2 d x?
(5ac(6a2d2+5abd2x2+4b2c(6c+5dx2>)AppellF1[ =1, S, -, -] -
2 4 2 a C
5 1 7 x2 d x?
3x* (a®d’>+abd’x*+4b’c (c+dx?)) 4adAppellFl[ =, =, 2, —, - —, - |+
2 4 2 a C
5 5 7 b x? d x?
bcAppellFl[f -1, 7,7—,7—] /
2 4 2 a C
3 1 5 b x2 d x2
c|10acAppellFl[ =, =, 1, =, - ——, - —| -
2 4 2 a C
5 1 7 b x? d x? 5 5
4adAppellFl[ =, =, 2, —, - —, - | +bcAppellF1] =, =, 1,
4 a c 2 4

2 a C

Problem 335: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)7/4 (c+dx2>2

Optimal (type 4, 345leaves, 10 steps):
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b(4bc+3ad)x dx

- +

6ac (bc—ad)2 (a+bx2)3/4 2c (bc-ad) (a+bx2)3/4 (c+dx?)

Vb (4bc+3ad) (1+%)3/4EllipticF[%Ar‘cTan[l%] 2] 1
6vVa c(bc-ad)? (a+bx?)¥* 4c(bc-ad)’

b x? d a+bx2)Y*
al’*d (9bc-2ad] |- EllipticPi[—ﬂ,Ar‘cSin“ ) ], 1] -
a V-bc+ad at/
1 b x2 a \/d a+bx?)'*
al/*d (9bc-2ad) |- Ellipticpi[l, Ar‘cSin[Q}, 1]
c(bc-ad)’ a V-bc+ad al/t
Result (type 6, 485 leaves):
1 3 3 bx* dx?
[(18(2b2c212abcd+3a2d2)AppellF1[ =, 1, 7,77X’77x]/
27 4 2 a c
1 3 3 bx? dx? 3 3
~6acAppellF1[~, =, 1, =, - ——, - ——| +x* |[4adAppellF1][ =, =, 2,
2 4 2 a C 2 4
5 b x? d x? 3 7 5 b x? d x?
=, -, -——] +3bcAppellFl[ =, —, 1, =, - ——, - —| ||| +
2 a C 2 4 2 a C
3 3 5 bx?2 dx?
(Sac(18a2d2+21abd2x2+4b2c(6c+7dx2))Appe11F1[ =1, 5, e -] -
2 4 2 a c
5 3 7 bx2 dx?
3x? (3a’d’+3abd’x*+4b>c (c+dx?)) (4adAppellF1[— 2,2, 5, 25, X |+
2 4 2 a C
5 7 7 bx* dx?
3bcAppellFl[ >, =, 1, =, -, - 2] /
2 4 2 a C
3 3 5 b x? d x?
c|1@acAppellFl[ =, =, 1, =, - ——, - —] -
2" 4 2 a c
3 7 bx? dx? 5 7
4adAppellF1[=, =, 2, =, -——, - —] +3bcAppellF1[ =, —, 1,
4 2 a C 2 4
7 bx® dx
=, - -] ]JJ)/(ls (bc-ad)? (a+bx?)>* (c+dx?)]
2 a C

Problem 336: Result unnecessarily involves higher level functions.

j ! dx
(a+bx2)9/4 (c+dx2>2

Optimal (type 4, 371 leaves, 11 steps):
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b(4bc+5ad)x d x
N

10ac (bc—ad)2 (a+bx2)5/4 2c (bc-ad) (a+bx2)5/4 (c+dx?)

2

21]/

1/4
1
Vb (12b*>c?-52abcd-5a’d?) [1+ J EllipticE|— ArcTan|
2

a a
(10a3/2c (bc—ad)3 (a+bx2)1/4) -
5 b x2) /4
at/*d*? (11bc-2ad) b EllipticPi[—M, Ar‘cSin[%], -1] /
a

a V-bc+ad

4c(-bc+ad)”?x| +
( )

2 b 2\1/4
b EllipticPi[M, Ar‘cSin[(aJrl—Z)}, 1] /
a

al/4 g3/2 (11bc—2ad)
a \V-bc+ad

(4c (7bc+ad)7/2x)

Result (type 6, 634 leaves):
1

30 a2 (bc—ad)3 (a+bx2)1/4 (c+dx?)

1 1
x ||18a (6b*>c®-26ab?c*d-30a’bcd®+5a’d®) AppellFi[—, —, 1, f,f—,f—]/
27 4 2 a c
1 1 3 b x2 d x2 5
-6acAppellF1[~, =, 1, =, -—, - —] +x* [4ad
2 4 2 a C
3 1 5 b x2 d x? 3 5 5 b x2 d x?
AppellFl[ =, =, 2, =, -——, - ——| +bcAppellF1[~, =, 1, =, - ——, - — ||| +
2 4 2 a C 2 4 2 a C

[—Sac (30a4d3+55a3bd3x2—12b4c2x2 (6c+5dx2) +aZb?d <336c2+284cdx2+25d2x4) +

3 1
4ab’c (-24c®+57cdx?+65d>x*)) AppellFi[ =, —, 1,
2 4

5 bx?2 dx?

E:i > = ]*
a C

3x* (5a*d>+10a’bd’>x*-12b* ®x* (c+dx*) +a*b*d (56 ¢+ 56 cdx*+5d*x*) +

1 7 bx?2 dx?

-, 2, 71*7.»’7]*

4

3
2 a C

(
4ab’c (-4c?+9cdx?+13d*xY)) (4adAppellF1[5
2

%

1 5 b x2 d x? 5
» T 1: _)7—)7_]7X
4 2 a C

5
e

5 b x2 dxz]
2 4

b c AppellF1| , 1,

> b)
a C

5
4adAppellFl| =,

Il

10 a c AppellF1]|

N jw NN
N

(c (a+bx2)
7 b x? d x?

:1) 7,_7)(,_7)(]
2 a C

Q.

1 b x2 2
~,2, =, -——, - ——] +bcAppellF1]

7
4 2 a C

)

N |
H |

Problem 337: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx2)11/4 (c+dx2)2
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Optimal (type 4, 419leaves, 11 steps):
b(4bc+7ad)x

+

14ac (bc—ad)2 (a+bx2)7/4

a

b (20b2c?-76abcd-21a%d?) x dx
- +
42a%c (bc-ad)’ (a+bx2)3/4 2c (bc-ad) (a+bx?)”* (c+dx?)
2\ 3/4
(\/F (20b?c*-76abcd-21a%d?) [1+ X] EllipticF[lAr‘cTan[Wx},2]]/
2 Vs

! a1/4d2(13bc—2ad)

(42a3/2c (bc—ad)3 <a+bx2)3/4) +
4c (bc—ad)4x

2 b x2 1/4
b EllipticPi[—ﬂ, Ar‘cSin[%}, -1] + !

a J-bc+ad al/4 4c(bc—ad)4x
: N ], -1

b x . o
- —— EllipticPi| , ArcSin|

a V-bc+ad at/t

a+bx?

)1/4

al’/4 d? (13bc—2ad)

Result (type 6, 637 leaves):
1

126 a2 (bc—ad)3 (a+bx2)3’/4 (c+dx?)

1 3 3 bx? dx?
x ||18a (-16b*>c®+38ab’c?d-126a’bcd? +21a’ d®) AppellFl][—, =, 1, —,——,——]/
2 4 2 a c
1 3 3 bx2 dx? 5 3 3
—6acAppellF1[f, -1, - -— —7] + X 4adAppe11F1[f, —, 2,
2 4 2 a C 2 4
5 bx? dx? 3 7 5 bx? dx?
=, -——, -——] +3bcAppellF1| =, —, 1, =, - ——, - — ||| +
2 a c 2 4 2 a c

[Sac (126 a*d*>+273a’bd>x* -20b* c*x*> (6c+7dx?*) +4ab’c (-48c®+61lcdx?+133d

| W

b x? ﬁ}

+

5
» 1, = - -
2 a C

3 x? (21a“d3+42a3bd3x2—20b4c2x2 (c+dx2> +4ab*c (-8c*+11cdx*+19d*x*) +
7 b x2 dxz}

5 3
) _JZJ Ty T T -

2 4 2 a C

Bjw

x*) +a’b>d (528 c* + 604 c d x* + 147 d* x*) ) AppellF1[ =,

NN

+

a’b’d (88c’+88cdx’+21d*x*)) (4adAppe11F1[
7 b x? d x?
) 1: T T T *—}

. /
4 2 a c
) 3 3 5 b x2 d x? ,
c (a+bx?) |1@acAppellF1|[ =, =, 1, =, - ——, - — ] -x
2 4

5
3bcAppellFl| =,
2

5
4 adAppellFl[ =,
2

2 a C

3 7 b x2 d x? 5
~,2, = -——, -——] +3bcAppellF1| -,
2

4 2 a C

7
» 1, = -, -
2 a C

b x? dxz]

Il

5N
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Problem 338: Result more than twice size of optimal antiderivative.

J(aerxz)IO (c+dx*)*ax

Optimal (type 6, 79leaves, 3 steps):

x2\ P dxz\ 1 1 3 b x2 d x?
x(a+bx2)p[1+ J (c+dx2)q[1+ } AppellFl| =, -p, -q, —, - s - —
a C 2 2 a C
Result (type 6, 172 leaves):
1 3 b x? d x?
[Bacx <a+bx2)p (c+dx2)qupellF1[—, -p, Qs — - —, ——] /
2 2 a C
1 3 b x2 d x?
3acAppellFl[ =, -p, -q, —, - ——, - ]+
2 2 a C
5 3 5 b x? d x?
2 X bcpAppellFl[—,l—P,—q, s T, - ]+
2 2 a C

3
adqAppellFl[=, -p, 1-q, -
2 2

Problem 343: Result more than twice size of optimal antiderivative.

J(a+bx2)p ix

c+dx?

Optimal (type 6, 57 leaves, 2 steps):

X (a+bx2)p <1+ %)7PAppellF1[i, -p, 1, %, —bTXz, —dxz]

C

Result (type 6, 162 leaves):

" 1 3 b x2 d x2
-|[3acx (a+bx?)PAppellF1[ =, -p, 1, =, - ——, - —] /
2 2 a C
5 1 3 b x? d x? ; 3
(c+dx?) |-3acAppellF1[—, -p, 1, =, - —, - | +2x* |-bcpAppellFi[ =,
2 2 a C 2
5 b x? d x? 3 5 b x? d x?
1-p, 1, = ——, - } +adAppe11F1[7.v -p, 2, —, - ) ’7]
2 a C 2 2 a C

Problem 344: Result more than twice size of optimal antiderivative.

J(a+bx2)p ix

(c+dx2)2

Optimal (type 6, 57 leaves, 2 steps):

X (a+bx2)p (1+ %)7pAppellF1[%, -p, 2, %: _bai: —M]

c?
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Result (type 6, 162 leaves):

a\p 1 3 bx?2 dx?
-||3acx (a+bx?) AppellFl[—, -p, 2, =, - ——, - —| /
2 2 a c
512 1 3 bx? dx? 3
(c+dx*)® |-3acAppellFl|—, -p, 2, =, -——, - ——| -2x* |bcpAppellFi[—, 1-p,
2 2 a C 2
5 bx? dx? 3 5 bx2 dx2
2, =, -——, -——] -2adAppellF1[ =, -p, 3, =, -
2 a C 2 2 a
Problem 345: Result more than twice size of optimal antiderivative.
(a+bx?)P
Ji dx
(c+dx2)3
Optimal (type 6, 57 leaves, 2 steps):
bx2\ P b x2 d x2
fae0)? (102 " aetea [, o, 3, 2, -, o
c3
Result (type 6, 162 leaves):
1 3 b x2 d x?
—([Bacx (a+bx?)?AppellF1|—, -p, 3, =, —7)(, —7)(] /
2 2 a c
513 1 3 bx? dx? 3
(c+dx*)® |-3acAppellFl|—, -p, 3, =, -——, - ——| -2x* |bcpAppellFi[—, 1-p,
2 2 a C 2
5 bx? dx? 3 5 bx2 dx2
3, =, -—, -——] -3adAppellF1[ =, -p, 4, =, -
2 a c 2 2 a

Problem 346: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a + bx2>717“:ﬁ (c +dx2)71+% dx

Optimal (type 3, 53 leaves, 1 step):

X (a+bx2>7zb§ﬁ (C+dx2>ﬁ

ac

Result (type 6, 594 leaves):
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3acx (a+bx2),zbiﬁ (c+dx2>ﬁ

1 bc ad 3 b x? d x?
d AppellFi[—, o ,—,——,-—}/
2 2bc-2ad -2bc+2ad 2 a C
5 1 bc ad 3 b x? d x?
(c+dx) 3ac(—bc+ad)AppellF1[f, _ 1l f,f—,f—]+
2 2bc-2ad -2bc+2ad 2 a C
5 3 bc ad 5 b x2 d x2
X ad(2bc—3ad)AppellF1[—, , 2+ T I
2 2bc-2ad -2bc+2ad 2 a C
y 3 bc ad 5 b x? d x?
b° c AppellFl[f, 1+ , 1+ s T T T s *7] +
2 2bc-2ad -2bc+2ad 2 a C
1 bc ad 3 b x2 d x2
b AppellF1[~, 1+ s ,—,——,——}/
2 2bc-2ad -2bc+2ad 2 a C
5 1 bc ad 3 b x2 d x?
(a+bx?) 3ac(bc—ad>AppellF1[f,1+ , T T
2 2bc-2ad -2bc+2ad 2 a C
2 (202 3 bc ad 5 b x2 d x2
x? |a?d? AppellF1[ =, 1+ , 1+ s Ta Yy | +
2 2bc-2ad -2bc+2ad 2 a C
3 bc ad 5 b x2 d x?
bc(-3bc+2ad) AppellF1[=, 2+ , s Ty m sy ]
2 2bc-2ad -2bc+2ad 2 a C
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Summary of Integration Test Results

346 integration problems

A - 203 optimal antiderivatives

B - 8 more than twice size of optimal antiderivatives
C - 135 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



